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ABSTRACT
Real data are unlikely to be exactly normally distributed. Ignoring non-normality will cause misleading and
unreliable parameter estimates, standard error estimates, and model fit statistics. For non-normal data,
researchers have proposed a distributionally-weighted least squares (DLS) estimator to combines the nor-
mal theory based generalized least squares estimation (GLSN) and WLS. The key in DLS is to select an opti-
mal weight as to compute a weighted average of GLSN and WLS. To better estimate as in DLS, we
propose a method based on the delta method and the empirical Bayesian method. When data were nor-
mal, DLS and GLSN provided similar root mean square errors (RMSEs) and biases of the standard error esti-
mates, and were smaller than those from WLS. When the data were elliptical or skewed, DLS generally
provided the smallest RMSEs and biases of the standard error estimates. Additionally, the Type I error
rates of Jiang-Yuan rank adjusted test statistic (TJY ) using DLS were generally around the nominal level.
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Structural Equation Modeling (SEM) is a commonly used
statistical technique in social and behavioral research. Widely
used estimation methods in SEM such as maximum likeli-
hood (ML) and normal theory based generalized least squares
estimation (GLSN) assume that data are normally distributed,
which is often not the case in reality (e.g., Cain et al., 2017).
When data are not normally distributed, the consistent ML
and GLSN parameter estimates are biased for small and mod-
erate sample sizes, and their standard errors and model fit
statistics are generally incorrect. Although robust standard
errors and rescaled-and-adjusted model fit test statistics have
been proposed to correct for non-normality, they can still
lead to inflated Type I error rates. (e.g., Jalal & Bentler, 2018;
Satorra & Bentler, 1988; Yuan & Chan, 2016).

To relax the normality assumption, Browne (1984) pro-
posed an asymptotically distribution-free (ADF) estimator
for the covariance of sample variance-covariance. frame-
work. The generalized least squares estimation that uses
the ADF estimator is known as weighted least squares
(WLS). The ADF estimator and WLS do not rely on any
distribution assumption. WLS provides asymptotically the
most efficient estimates but is not optimal for small and
modest sample sizes as the ADF estimator needs to esti-
mate more components (i.e., sample fourth-order
moments) compared to methods that rely on the normality
assumption. With a large number of variables or a small
sample size, WLS may suffer from non-convergence.
Moreover, WLS is unstable and has a large variance unless

sample size is huge since it involves inverting a sample
fourth-order moment matrix.

To address the issue of small sample sizes of WLS while
retaining its desirable properties, Du and Bentler (2022a)
recently introduced distributionally weighted least squares
(DLS) estimation as a hybrid of normal theory based and
ADF based generalized least squares methods. Their research
on confirmatory factor analysis and latent growth curve mod-
eling indicates that DLS performs better than WLS in terms
of root mean square errors (RMSE), relative biases of the SE
estimates, and model fit Type I error rates (Du & Bentler,
2022a; Du et al., 2022). Additionally, DLS outperforms nor-
mal theory-based estimators (GLSN

1 and ML) when data are
non-normal. By balancing information from the data and the
normality assumption, DLS provides more accurate and effi-
cient parameter estimates for SEM models.

DLS can be viewed as a compromise between GLSN and
WLS and an optimal weight, a, has to be chosen. The optimal
a is chosen based on the efficiency and accuracy of parameter
estimates (i.e., minimum RMSE), and is denoted as as:
Currently, there are two ways to determine as: The first
approach involves bootstrapping, in which the data are first
transformed to fit the model of interest perfectly with the ML
estimates as the model parameters. Then, Bootstrap samples are
drawn from the transformed data to compute RMSE for varied
values of a, and as is selected based on the minimum RMSE.
In the end, we apply this optimal weight as to the original data.
A problem of this approach is that we have to “create” true
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population parameters to compute RMSE. We can choose ML
parameter estimates or other estimates, such as GLSN estimates,
but we have known that GLSN and ML estimates are biased in
small samples. Using biased estimates to create bootstrap sam-
ples may lead to biased estimates of as: Furthermore, since real
data are never exactly normally distributed, bootstrapping from
real data tend to be more liberal (giving more weight to WLS)
than needed. A third shortcoming of this approach is its heavy
computational load since all simulated bootstrap samples need
to be fitted to the model. The second approach is creating a
mapping function between as and all data/model features by an
extensive simulation. In real data, this mapping function can be
used to estimate as based on the data/model information.
However, creating the mapping function is time-consuming and
hard to consider all features in the simulation.

To solve the aforementioned problems in DLS, we propose
an empirical Bayesian method to estimate as, in which the
balance between GLSN and WLS is automatically chosen
without resampling. The outline of this paper is as follows: in
the “DLS Estimator” section, we review the distributionally-
weighted least squares (DLS) estimation. In the “as
Estimation” section, we present the proposed algorithm of
estimating as: In the “Simulation Study” section, the perform-
ance of the proposed as in DLS is thoroughly examined via
simulations and compared with GLSN and WLS. In the “Real
Data Example” section, a real data example is provided to
illustrate to estimate as in practice. We end the paper with
some concluding remarks in the “Conclusion” section.

1. DLS Estimator

The distributionally-weighted least squares (DLS) estimator is
within the generalized least squares (GLS) framework. Let x1,
x2, … , xN be a multivariate random sample of size N from
a p-variate population with EðxiÞ ¼ l and CovðxiÞ ¼ R for
i ¼ 1, . . . ,N: Let vector h be a q� 1 vector containing the
free parameters in the structural equation model and RðhÞ be
the population covariance matrix implied by the model. In
practice, we can use the model implied covariance matrix
RðĥÞ or the unstructured sample covariance matrix S to esti-
mate the population covariance matrix R, where

S ¼ 1
N − 1

R
N

i¼1
xi − �xð Þ xi − �xð Þ0, (1)

and �x is the sample mean. Note that RðhÞ may or may not
be correctly specified in practice. Let s ¼ vechðSÞ be a p� �
1 vector with the p� ¼ pðpþ 1Þ=2 non-duplicated elements
in S and rðhÞ ¼ vech RðhÞ½ � be a p� � 1 vector with the non-
duplicated elements in RðhÞ: By the multivariate central
limit theorem, the asymptotic distribution of s isffiffiffiffiffiffiffiffiffiffiffiffi

N − 1
p

s − rðhÞð Þ!D N 0,Cð Þ, (2)

where C is the p� � p� asymptotic covariance matrix and D
indicates convergence in distribution.

The general equation of generalized least squares (GLS)
loss functions (Browne, 1974) is

FGLSðhÞ ¼ s − rðhÞ½ �0Ŵ s − rðhÞ½ �, (3)

where Ŵ is a weight matrix of size p� � p� that can take
various forms. The most ideal W is C−1, but C is unknown.
In practice, different estimators adopt different Ŵ: For
example, the least squares (LS) estimator uses Ŵ ¼ I:
Although all weight matrices provide consistent estimates,
some can be more efficient and less biased for finite sample
sizes. The most widely used Ŵ is the normal theory based
estimator Ĉ

−1
N , and the estimated is referred as GLSN :

When the data are normal, C reduces to CN as follows.

CNf ghj, kl ¼ rhkrjl þ rhlrjk (4)

In samples, ĈN can be either estimated by sample cova-
riances.

ĈN:S

� �
hj, kl ¼ whkwjl þ whlwjk (5)

where whj ¼ 1
N R

N
i¼1ð xh, i − �xhf g xj, i − �xjf gÞ (or shksjl þ shlsjk

where shk ¼ 1
N−1R

N
i¼1ð xh, i − �xhf g xk, i − �xkf gÞ) or iteratively

updated by the model implied covariances ĈN:M

� �
hj, kl ¼

r̂hkr̂jl þ r̂hlr̂jk: Du and Bentler (2022a) and Du et al. (2022)

found that ĈN:M performs better than ĈN:S in simulations of
factor analysis and growth curve modeling. Since ĈN:M is
iteratively updated during estimation, the method is also
called the iteratively reweighted weighted least squares (IRLS)
estimation by Lee and Jennrich (1979). It produces the same
point estimate as ML but a different test statistic since IRLS
and ML use different discrepancy functions. Hayakawa
(2019) found that with the same parameter estimates, the
GLSN loss function can provide better model fit statistics
than the ML discrepancy function. Hence, in this paper we
focus on GLSN (i.e., IRLS), which theoretically has the same
estimates as ML but uses the better GLS loss function.

Considering that data may be non-normal, Browne
(1984) proposed an asymptotically distribution-free (ADF)
estimator for C without relying on any distribution assump-
tion (ĈADF; Browne’s Eq. 3.4).

ĈADF

� �
hj, kl ¼ whjkl − whjwkl, (6)

where whjkl ¼ 1
N R

N
i¼1ð xh, i − �xhf g xj, i − �xjf g xk, i − �xkf g xl, if

−�xlgÞ is the sample fourth order moment. With Ŵ ¼ Ĉ
−1
ADF ,

the estimator is the so-called weighted least squares (WLS)
estimator. Although the ADF estimator is asymptotically effi-
cient, its performance is unstable with finite sample sizes and
the empirical standard errors can be much greater than GLSN
even when data are nonnormal (Du et al., 2022; Du & Bentler,
2022a; Foss et al., 2011; Olsson et al., 2003; Yang & Yuan,
2019; Yuan & Bentler, 1997; Yuan & Chan, 2016).

DLS combines ĈN and ĈADF to stabilize the performance
from the ADF estimator and improve its efficiency. The
weight function is

Ŵ ¼ ð1 − aÞĈADFþaĈN

� �−1 (7)

where a 2 0, 1½ � is a tuning parameter. A larger a provides
finite sample stability and a smaller a provides asymptotic
efficiency. When a ¼ 1, DLS becomes GLSN , and when a ¼
0, DLS becomes WLS. Since the performance of DLS largely
relies on a, it is critical to select the optimal a (denoted as
as). In Du and Bentler (2022a) and Du et al. (2022), this
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optimal a is selected to minimize the root mean square
error (RMSE) which considers both efficiency and accuracy
in estimates. However, the calculation of RMSE requests
knowing the population parameters. In practice, bootstrap-
ping can be used to create multiple samples and calculate
empirical RMSE to select as (Yuan & Chan, 2016; Yuan,
Jiang, et al., 2017). More specifically, GLSN or ML can be
used to estimate the model and obtain the model implied
covariance matrix RðĥÞ, based on which Bollen-Stine trans-
formation can be used to obtain bootstrap samples (Bollen-
Stine transformation ensures that the covariance matrix of
the transformed data is RðĥÞ). Then, the tuning parameter a
is varied from 0 to 1, and DLS is applied with different a
values to each bootstrap sample. The value a that gives the
smallest RMSE in the bootstrap samples is chosen as as: A
dilemma is that we need to create bootstrap samples based
on GLSN or ML even though the purpose of DLS is to avoid
solely relying on the normality assumption. In addition, this
requires fitting the model 1000� 101 times when there are
101 a values, which is a heavy computational burden.

Additionally, DLS uses sandwich type standard errors (SE)
(Hardin, 2003; Huber, 1967; White, 1980; 1982), which is the
square root of the diagonals of the sandwich covariance matrix,

Covð
ffiffiffiffi
N

p
ĥGLSÞ

¼ _rðhÞ0Ŵ _rðhÞ
� �−1

_rðhÞ0ŴĈADFŴ _rðhÞ _rðhÞ0Ŵ _rðhÞ
� �−1

(8)

where _rðhÞ is the matrix of first-order derivative of rðhÞ
with respect to h:

2. An Empirical Bayesian Estimate of the Weight as

To solve the dilemma that we need to rely on normality
theory based estimator to get DLS estimation and shorten
computation time, we propose to estimate as using an
empirical Bayesian method.

The population C in Equation (2) without any distribu-
tional assumption is fCghj, kl ¼ rhkrjl þ rhlrjk þ N−1

N ðrhjkl −
rhjrkl − rhkrjl − rhlrjkÞ (Browne, 1984; Eq. 2.1). The differ-
ence between N − 1 and N disappears when the sample size
tends to infinite. Hence, asymptotically fCghj, kl ¼ rhjkl −
rhjrkl: For normal data, the population C reduces to
CNf ghj, kl ¼ rhkrjl þ rhlrjk, which for non-normal data dif-
fers from the true population C: The difference between the
two is the fourth order cumulant in Equation (9).

jhjkl ¼ rhjkl − rhjrkl − rhkrjl − rhlrjk

¼ fCghj, kl − CNf ghj, kl (9)

For normal data, jhjkl ¼ 0: In a sample, one can estimate
fCghj, kl as in Equation (6) by

ĈADF

� �
hj, kl ¼ whjkl − whjwkl (10)

And one can estimate CN:Sf ghj, kl by ĈN:S

� �
hj, kl ¼

whkwjl þ whlwjk as in Equation (5).2 The model based

estimator ĈN:M

� �
hj, kl is not considered in estimating as

because the analytical form will be too complex, but as
obtained using ĈN:S will be applied to DLS with ĈN:M

later in the estimation of the covariance structure model.
Hence, based on Equations. (5) and (10), the estimate of
Equation (9) is as follows.

ĵhjkl ¼ whjkl − whjwkl − whkwjl − whlwjk

¼ ĈADF

� �
hj, kl − ĈN:S

� �
hj, kl

(11)

2.1. The Empirical Bayesian Model

We now propose an empirical Bayesian model for the
observed cumulant ĵhjkl: This model is similar in rationale
to that in Chen (1979) and Wu and Browne (2015a, 2015b,
2016), which concerns empirical Bayesian modeling of a
covariance matrix. Asymptotically, the vector of p�� ¼
pðpþ 1Þðpþ 2Þðpþ 3Þ=24 estimated fourth order cumulants
ĵ is normally distributed around its population value j with
a p�� � p�� covariance matrix P, which leads to the likeli-
hood function:

ĵ j � N j,Pð Þj (12)

To shrink it towards its value for normal data, the popula-
tion cumulant vector j is assumed to follow a multivariate
normal prior distribution with a zero mean vector and a
covariance matrix proportional to a normal theory based
covariance matrix V. V is also a p�� � p�� matrix. The differ-
ence between V and P is that P does not have a distribu-
tional assumption while V assumes the data are normal. The
scalar factor m in Equation (13) determines the dispersion of
this prior distribution and will be estimated from data.

j � N 0,Vmð Þ: (13)

Based on Equations (12) and (13), the marginal distribu-
tion of ĵ is given by

ĵ � N 0,Pþ Vmð Þ (14)

And the posterior distribution of the population cumu-
lants in j can be calculated as

jjĵ � N ~j ¼ mI þ V−1Pð Þ−1mĵ, P−1 þ Vmð Þ−1
� �−1� �

(15)

where the posterior mean vector ~j is a shrinkage estimate
of the population cumulant.

Our goal is to find the optimal as in Ŵ ¼
ðð1 − aÞĈADF þ aĈNÞ−1 or Ĉ ¼ ð1 − aÞĈADF þ aĈN : Based
on Equation (9), we have fCghj, kl ¼ jhjkl þ CNf ghj, kl, and
we can estimate C using ~j þ ĈN:S:

Ĉ ¼ ~j þ ĈN:S

¼ mI þ V−1Pð Þ−1mĵ þ ĈN:S
(16)

V−1P is not a scalar, making weight computation more
complex. As one typically prefers a simple weighted average

2We can use unbiased estimation by ĈN:S

� �
hj, kl ¼ shksjl þ shlsjk, but it did

not result in much better performance in our pilot simulation.
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between ĈADF and ĈN:S, we approximate the matrix V−1P
by rankðV−1PÞ � I and approximate Equation (16) using
Equation (17):

Ĉ ¼ mĈADF þ rank V−1Pð ÞĈN:S

mþ rank V−1Pð Þ (17)

where rank ðV−1PÞ ¼ rankðPÞ ¼ minðn − 1, p��Þ: By set-
ting Equation (17) equal to Equation (7), we can solve the
optimal tuning parameter as

as ¼ rank V−1Pð Þ
rank V−1Pð Þ þ m

(18)

2.2. The Estimation of m

From Equation (14), we can create a quadratic form as follows:

Q ¼ ĵ0 Pþ Vmð Þ−1ĵ (19)

which satisfies EðQÞ ¼ p�� where p�� ¼ pðpþ 1Þðpþ 2Þðpþ
3Þ=24: Unfortunately, as the covariance matrix of the fourth
order cumulants, an estimate of P is likely unstable and
even not positive definite. A simpler matrix with lower
order moments can be employed to replace P to stabilize
the performance. We choose to use V ¼ CovðĵÞ with the
normality assumption, which leads to

Q2 ¼ ĵ0V−1ĵ (20)

Based on Scharf (1991), Q2 is a weighted sum of v2 vari-
ates with EðQ2Þ ¼ tr V−1Pf g þ mp��: Setting this expected
value to the observed Q2, we obtain the estimate of m:

m̂ ¼ ĵ0V−1ĵ − tr V−1Pf gð Þ=p�� (21)

2.3. The Estimation of P

Since as ¼ rank ðV−1PÞ
rank ðV−1PÞþm and m depends on P and V

(Equation 21), P and V have to be estimated. The p�� � p��

matrix P is the covariance matrix of the fourth order cumu-
lants in ĵ: We now use the delta method to calculate this
matrix. Similar to the distribution-free estimation of the
covariance matrix C of the sample covariances sij, we will
construct new “variables” from the existing variables and cal-
culate the sample covariance matrix of these new variables.

To demonstrate this process, we first calculate the covari-
ance matrix of the first term of Equation (11): the fourth
order central moment whjkl: It can be expressed as a func-
tion of raw first, second, third, and fourth order moments:

whjkl ¼ xhxjxkxl − xh � xjxkxl − xj � xhxkxl − xk � xhxjxl − xl � xhxjxk
þxh � xj � xkxl þ xh � xk � xjxl þ xh � xl � xjxk
þxj � xk � xhxl þ xj � xl � xhxk þ xk � xl � xhxj
−3xh � xj � xk � xl

(22)

where xhxjxkxl is the sample average of xh, ixj, ixk, ixl, i, xjxkxl
is the sample average of xj, ixk, ixl, i, and xkxl is the sample
average of xk, ixl, i: Following the central limit theorem and
assuming the eighth order central moments are finite, the
aforementioned raw moments jointly follow a multivariate

normal distribution in a large sample, so the covariance
matrix of the fourth order central moments can be calcu-
lated through the delta method. More specifically, the differ-
ential of whjkl is given by

dwhjkl ¼ dxhxjxkxl
− xh � dxjxkxl þ xj � dxhxkxl þ xk � dxhxjxl þ xl � dxhxjxk
� �

− dðxhÞ � xjxkxl þ dðxjÞ � xhxkxl þ dðxkÞ � xhxjxl þ dðxlÞ � xhxjxk
� �

þ xh � xj � dxkxl þ xh � xk � dxjxl þ xh � xl � dxjxk
þ xj � xk � dxhxl þ xj � xl � dxhxk þ xk � xl � dxhxj

	 

þ dðxhÞ � xj � xkxl þ � � � þ dðxlÞ � xk � xhxj
� �

−3dðxhÞ � xj � xk � xl − 3xh � dðxjÞ � xk � xl − 3xh � xj � dðxkÞ � xl
− 3xh � xj � xk � dðxlÞ

(23)

Replacing the differentials dxhxjxkxl , dxjxkxl , dxkxl and
dxl , respectively, by the random variables xhxjxkxl, xjxkxl,
xkxl and xl, and replacing the non-differential terms (i.e.,
the partial derivatives) by their population values, we obtain
new “variables” ~yhjkl :

~yhjkl ¼ xhxjxkxl − lh � ðxjxkxlÞ þ � � � þ ll � ðxhxjxkÞ
� �

− xh � ljkl þ � � � þ xl � lhjk
� �

þ lh � lj � ðxkxlÞ þ � � � þ lk � ll � ðxhxjÞ
� �

þ xh � lj � lkl þ � � � þ lk � xl � lhj
� �

−3 xh � lj � lk � ll þ lh � xj � lk � ll
þ lh � lj � xk � ll þ lh � lj � lk � xl

	 

(24)

where the l’s denote the population raw (i.e., uncentered)
moments. Equation (24) is equivalent to yhjkl below in
Equation (25) plus a constant, and the constant does not
change the yhjkl’s variance.

yhjkl ¼ fxh − lhgfxj − ljgfxk − lkgfxl − llg
−ðxh − lhÞ � rjkl − ðxj − ljÞ � rhkl

− ðxk − lkÞ � rhjl − ðxl − llÞ � rhjk

(25)

where the r’s are the population central moments. The
asymptotic covariance matrix of fourth order central
moments whjkl can be estimated as the covariance matrix of
yhjkl divided by N − 1:

The remaining three terms of ĵhjkl in Equation (11)
(−whjwkl − whkwjl − whlwjk) can be handled similarly using
the delta method, yielding new variables zhjkl :

zhjkl ¼ −rkl xh − lhf g xj − ljf g
− rhj xk − lkf g xl − llf g − rjl xh − lhf g xk − lkf g
−rhk xl − llf g xj − ljf g − rhl xj − ljf g xk − lkf g
− rjk xl − llf g xh − lhf g

(26)

The covariance matrix of zhjkl divided by N − 1 is an esti-
mate of the asymptotic covariance matrix of −whjwkl −
whkwjl − whlwjk: Combining the two sets of new variables
yhjkl and zhjkl, we create new variables thjkl :

thjkl ¼ yhjkl þ zhjkl
¼ fxh − lhgfxj − ljgfxk − lkgfxl − llg

− xh − lhf g � rjkl − xj − ljf g � rhkl − xk − lkf g � rhjl − xl − llf g � rhjk

−rkl xh − lhf g xj − ljf g − rhj xk − lkf g xl − llf g − rjl xh − lhf g xk − lkf g
−rhk xl − llf g xj − ljf g − rhl xj − ljf g xk − lkf g − rjk xl − llf g xh − lhf g

(27)

whose covariance matrix divided by N − 1 yields the asymp-
totic covariance matrix of ĵhjkl: To estimate the covariance
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matrix of thjkl in a sample, for each case i we compute the
variables ~thjkl, i below.

~thj, kl, i ¼ n
n−1
� �4 xh, i − �xhf g xj, i − �xjf g xk, i − �xkf g xl, i − �xlf g

−
n

n − 1
xh, i � wjkl þ xj, i � whkl þ xk, i � whjl þ xl, i � whjk½ �

− n
n−1
� �2½wkl xh, i − �xhf g xj, i − �xjf g þ whj xk, i − �xkf g xl, i − �xlf g

þwjl xh, i − �xhf g xk, i − �xkf g þ whk xl, i − �xlf g xj, i − �xjf g
þwhl xj, i − �xjf g xk, i − �xkf g þ wjk xl, i − �xlf g xh, i − �xhf g�

(28)

where wjkl ¼ 1
N R

N
i¼1ð xj, i − �xjf g xk, i − �xkf g xl, i − �xlf gÞ: Note

that n
n−1 fxh, i − �xhg ¼ xh, i − �xh,−i, where �xh,−i is the average

of all observations except case i. Denote their sample covari-
ance matrix by St: Then

St
N−1 can be used to estimate P:

A problem of P ¼ St=ðN − 1Þ is that it relies on large sam-
ple size approximation and does not perform well in small sam-
ples. Based on the James-Stein estimator (James & Stein, 1992),
a small sample size adjustment 1

ðN−3Þ was used. We adopt this
idea and provide an alternative way to compute P as

P ¼ St
N − 3

(29)

Based on our pilot simulation 3, St
N−3 performed much

better than St
N−1 in small samples, and hence we focus on St

N−3
in the current paper.

2.4. The Estimation of V

We choose to specify V as V ¼ CovðĵÞ with the normality
assumption. We have derived new variables Thjkl for estimating
P without any distributional assumption in the previous sec-
tion. Following the same idea, now assuming normality of the
observed data, we can derive the V matrix. Since with normal
data, the third order moments are zero, thjkl reduces to

rhjkl ¼ xh − lhf g xj − ljf g xk − lkf g xl − llf g
−rkl xh − lhf g xj − ljf g − rhj xk − lkf g xl − llf g − rjl xh − lhf g xk − lkf g
−rhk xl − llf g xj − ljf g − rhl xj − ljf g xk − lkf g − rjk xl − llf g xh − lhf g

(30)

The covariance of rhjkl and rmnpq is Covðrhjkl, rmnpqÞ ¼
Eðrhjkl � rmnpqÞ-EðrhjklÞ � EðrmnpqÞ: The expected value in the
second term is given by

E rhjklð Þ ¼ rhjkl − 2 rklrhj þ rjlrhk þ rjkrhlð Þ
¼ − rklrhj þ rjlrhk þ rjkrhlð Þ (31)

The first term Eðrhjkl � rmnpqÞ involves the 8th, 6th and
4th order central moments, which for a multivariate normal
distribution can all be reduced to products of population
covariances. After some tedious derivation (see the
Appendix), Covðrhjkl, rmnpqÞ can be simplified to

Cov rhjkl, rmnpqð Þ ¼
P

h0, j0, k0, l0 rhh0rjj0rkk0rll0 (32)

where h0, j0, k0, and l0 can be any combination of m, n, p,
and q (e.g., rhmrjnrkprlq). Hence, the summation in
Equation (32) is taken over all 24 permutations of

ðm, n, p, qÞ: From the sample, V can be estimated by replac-
ing the population covariances by sample covariances.

V½ �hjkl,mnpq ¼
P

h0, j0, k0, l0 shh0sjj0 skk0 sll0= N − 1ð Þ (33)

where the form of the denominator is not crucial as it will
cancel out from the numerator and denominator of
Equation (21).

2.5. Summary of the Proposed Method

Overall, the proposed method contains 4 steps.

1. Create new variables ~thj, kl, i to compute their covariance
matrix St and P ¼ St=ðN − 3Þ (Eq. 29).

2. Compute V (Eq. 33).
3. Based on V and P to estimate � by �̂ ¼ ðĵ0V−1ĵ −

tr V−1Pf gÞ=p�� (Eq. 21).
4. The optimal a is computed based on the estimated �,

as ¼ rankðV−1PÞ
rankðV−1PÞþ� (Eq. 18).

3. Simulation Study

3.1. Simulation Design

This simulation study examines the performance of the pro-
posed method for estimating the optimal tuning parameter
(as) in DLS. For computing Ŵ ¼ ðð1 − aÞĈADFþaĈNÞ−1,
since ĈN:M performs better than ĈN:S in Du and Bentler
(2022a) and Du et al. (2022), we compute the weight matrix
as Ŵ ¼ ðð1 − aÞĈADFþaĈN:MÞ−1 in the current paper. But
in estimating as, we still use ĈN:S for the sake of computa-
tional convenience.

We varied the values of the following four factors: the
total number of variables (p ¼ 5, 15, and 21), the number
of factors (m ¼ 1 and 3), the sample size (N ranging from
40 to 1000), and the distributional conditions (a normal dis-
tribution, an elliptical distribution, and a skewed distribu-
tion). There are 19 sample size conditions (Table 1). We
used a confirmatory factor analysis (CFA) model to simulate
data.

x ¼ Knþ e, (34)

where K is a p�m vector of factor loadings, n is a m� 1 vec-
tor of factor scores, and e is a p� 1 vector of independent
measurement errors for p variables. Let U ¼ covðnÞ and W ¼
covðeÞ: The population covariance matrix of x is R ¼
KUK0 þW: Each factor had the same number of free non-
zero loadings, which were randomly sampled from .70 to .95
with an interval of .05. The correlations/covariances between
the factors were specified as 0.50 and the variances of the fac-
tors were specified as 1. W was calculated to ensure that the
diagonal elements of R were 1. In the normal distribution
condition, n ¼ U1=2Zn and e ¼ W1=2Ze where U1=2U1=2 ¼ U,
W1=2W1=2 ¼ W, and both Zn and Ze followed a standard nor-
mal distribution Nð0, 1Þ: Following the simulation strategy in
Yuan and Chan (2016), we simulated elliptical and skewed
data. In the elliptical distribution condition (symmetric distri-
butions with heavy tails), n ¼ rU1=2Zn and e ¼ rW1=2Ze with

3We tried multiple options in the pilot simulations. For example, St
N−3 vs. St

N−1 ,
and Equation (11) vs. the use of the unbiased estimator of jhjkl as given by
Equation (3.5) in Browne (1984).
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r � ð3=v25Þ1=2: In the skewed distribution condition, n ¼
rU1=2Zn and e ¼ rW1=2Ze where Zn � standardizedðv21Þ and
Ze � standardizedðv21Þ: In addition, we generated nonnormal
data using the third-order polynomial transformations (Vale &
Maurelli, 1983). Following Falk (2018), we considered two levels
of nonnormality: univariate skewness ¼ 2 and kurtosis ¼ 7
(VM1), or univariate skewness ¼ 2 and kurtosis ¼ 15 (VM2).
We use semTools (Jorgensen et al., 2021) to implement Vale and
Maurelli’s method. For each condition, we simulated 1000 data-
sets. We conducted the simulation with R (version 3.6.1). The R
code of for the proposed method is provided on https://github.
com/hduquant/DLS-with-the-delta-method.git.

We compared 3 estimators in the simulation: weighted
least squares estimation (WLS), normal theory based GLS
(GLSN or IRLS since ĈN:M is iteratively updated during esti-
mation), and the distributionally-weighted least squares (DLS)
with the proposed algorithm in testing as: These 3 estimators
were compared in terms of the root mean square error
(RMSE), the relative biases of the SE estimates, and Type I
error rates. The root mean square error (RMSE) is widely
used to investigate both the efficiency and accuracy of param-
eter estimates (e.g., Du et al., 2022; Du & Bentler, 2022a;
Yuan, Yang, et al., 2017; Yuan & Chan, 2016). Let ĥij be the
estimate of the ith parameter in the jth replication and hi be
the true value for the ith parameter. For each condition, the
relative RMSE was averaged over all parameters.

RMSE ¼ 1
q

Xi¼q

i¼1

1
hi

1
1000

Xj¼1000

j¼1

ĥij − hi
� �2

0
@

1
A1=2

(35)

The relative biases of the SE estimates is to investigate
the performance of the SE estimates. The true SE is
unknown, so we calculated the standard deviation for each
parameter estimate across the converged replications as the
empirical SE of each parameter. Let cSEij be the SE estimate
of ith parameter in the jth replication and SEi be the empir-
ical SE of ith parameter. The relative biases of the SE esti-
mates were averaged over all parameters.

Relative Bias ¼ 1
q

Xi¼q

i¼1

1
1000

Pj¼1000

j¼1

PcSEij

� �
− SEi

SEi





















0
BBB@

1
CCCA

Besides RMSE and relative biases of the SE estimates, a
good estimator should provide reliable model fit inference.
The standard model fit statistic under the normality

assumption is T ¼ ðN − 1ÞFðĥÞ, where FðĥÞ is the loss func-
tion in Equation (3). T asymptotically follows v2df where df ¼
p� − q: When the data are not normal, the asymptotic distri-
bution of T is not v2df : Hence, researchers have proposed

adjusted test statistics so the adjusted statistics can approxi-
mate a v2 reference distribution. The most widely used
adjusted statistics is the Satorra–Bentler statistic TSB (Satorra

& Bentler, 1986, 1988, 1994) that TSB ¼ T=cSB: cSB ¼
trðÛĈADFÞ=df , and Û ¼ Ŵ −
Ŵ _rðĥÞð _rðĥÞ0Ŵ _rðĥÞÞ−1 _rðĥÞ0Ŵ: TSB is referred to v2df as its

reference distribution. In practice, the rank of ÛĈADF can be
smaller than df. Hence, Jiang and Yuan (2017) proposed to
estimate the average eigenvalues of UC by replacing df with

rankðÛĈADFÞ: TJY ¼ T=cJY with cJY ¼
trðÛĈADFÞ=rankðÛĈADFÞ: TJY is referred to v

rankðÛĈADFÞ2 as

its reference distribution (Du & Bentler, 2022b; Du, 2023).

When ÛĈADF is not rank-deficient (i.e., the sample size is
not too small), TSB and TJY are essentially the same. We will
use TJY in the simulation. Besides TJY , we also presented TSB

and the mean-and-variance adjusted test statistic TMVA

(Satorra & Bentler, 1988) in the https://github.com/hduquant/
DLS-with-the-delta-method.git, given that they performed
worse than TJY in our simulation.

3.2. Structure of Simulation Results

The convergence rates of GLSN and DLS’s were above 0.98,
whereas WLS did not converge at all with large p and small
N. We kept only the converged solutions among the 1000
replications. In the following sections, we first present the
estimated as in DLS from the proposed method. Second, we
compare RMSEs of parameter estimates and biases of SE
estimates across WLS, GLSN , and DLS. We present all
detailed results in the https://github.com/hduquant/DLS-
with-the-delta-method.git.

Estimated as in DLS

The estimated as in DLS under difference condition is sum-
marized in Table 2. When the data are normal, we expect
that as is 1 or close to 1 so we can rely on the normality
assumption (e.g., ĈN:M) and have more stable estimation.
The simulation results were consistent with our anticipation.
Across replications, as based on the proposed method was
very close to 1 or at 1.

When data are non-normal, we expect that as lies in the
middle between 0 and 1 so the estimation does not solely
rely on the normality assumption. But we also do not expect
as to be too close to 0 since ĈADF tends to be unstable.
With the elliptical, skewed, VM1, and VM2 data, the mini-
mums, medians, and means of as deviated more from 1
compared to normal data. With the same p, a larger sample
size generally decreased as: It implies that when the sample
size was small, DLS tended to rely more on ĈN:M to stabilize
the performance. But with a larger sample size, DLS could

Table 1. Simulation conditions of N, p, and m.

19 Conditions of N, p, and m

m p N

1 5 40, 60, 100, 200, 300, 500, 1000
3 15 40, 60, 100, 200, 300, 500, 1000
3 21 100, 200, 300, 500, 1000

4 Distributional Conditions

Zn Ze r
Normal N ð0, 1Þ N ð0, 1Þ –
Elliptical N ð0, 1Þ N ð0, 1Þ ð3=v25Þ1=2
Skewed standardized ðv21Þ standardized ðv21Þ ð3=v25Þ1=2
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weight more on ĈADF to capture the non-normality feature
in the data. While the difference between as and 1 was not
substantial when p ¼ 15 and 21, this distance played a cru-
cial role in reducing RMSE and biases of SE estimates, and
improving Type I error rates. We will illustrate it in the
upcoming sections.

3.3. RMSE Comparisons

We compared RMSE from WLS, GLSN , and DLS to
explore both their efficiency and accuracy. The plots of
RMSEs from WLS, GLSN , and DLS with normal, elliptical,
skewed, VM1, and VM2 data are in Figure 1. For all three
estimators, when N increased, the RMSEs decreased, and
the difference between estimators became smaller. When
data were normal, the RMSEs of GLSN and DLS were
almost the same since as in DLS was very close to 1. And
the RMSEs of GLSN and DLS were smaller than those
from WLS.

When data were non-normal, DLS generally yielded
smaller RMSE than GLSN and WLS. When data were ellip-

tical, DLS demonstrated a reduction in RMSE ranging from
9.1% to 17.7% compared to GLSN : When data were skewed,
DLS reduced RMSE ranging from 10.3% to 32.1% compared
to GLSN : When data were VM1, the superiority of DLS was
not significantly pronounced: DLS reduced RMSE ranging
from 1.4% to 7.2% compared to GLSN : When data were
VM2, DLS reduced RMSE ranging from 0.9% to 19.6%
compared to GLSN :

3.4. Relative Biases of SE Estimates across Methods

We compared WLS, GLSN , and DLS in terms of their relative
biases of the SE estimates in Figure 2. With normal data, the
relative biases of GLSN and DLS were almost the same since
as under this condition was close to 1. The relative biases of
WLS were larger than the ones from GLSN and DLS.

When data were non-normal, DLS generally had the
smallest biases of SE estimates and the biases were much
smaller than the ones from WLS. When data were elliptical,
DLS demonstrated a reduction in the biases of SE estimates
ranging from 18.8% to 67.3% compared to GLSN : When
data were skewed, DLS reduced the biases of SE estimates

Table 2. The estimated as in DLS under difference conditions.

Normal Elliptical Skewed

p m N min mean median max min mean median max min mean median max

5 1 40 0.983 0.998 0.999 1 0.605 0.975 0.983 1 0.455 0.931 0.944 0.992
5 1 60 0.991 0.999 0.999 1 0.731 0.978 0.986 1 0.412 0.903 0.923 0.995
5 1 100 0.991 0.999 0.999 1 0.661 0.967 0.979 1 0.065 0.804 0.835 0.975
5 1 200 0.989 0.999 1 1 0.29 0.919 0.94 1 0.038 0.561 0.585 0.912
5 1 300 0.99 0.999 1 1 0.073 0.85 0.884 0.991 0.032 0.43 0.436 0.797
5 1 500 0.989 0.999 1 1 0.034 0.741 0.775 0.961 0.016 0.252 0.249 0.572
5 1 1000 0.992 0.999 1 1 0.089 0.529 0.545 0.86 0.007 0.103 0.097 0.286
15 3 40 0.997 0.998 0.999 1 0.959 0.994 0.995 0.998 0.965 0.991 0.992 0.997
15 3 60 0.998 0.999 0.999 1 0.986 0.995 0.995 0.999 0.962 0.991 0.991 0.997
15 3 100 0.999 1 1 1 0.982 0.995 0.996 0.999 0.974 0.989 0.99 0.997
15 3 200 0.999 1 1 1 0.98 0.995 0.996 0.999 0.961 0.985 0.986 0.996
15 3 300 1 1 1 1 0.964 0.995 0.996 0.999 0.945 0.98 0.981 0.993
15 3 500 1 1 1 1 0.923 0.994 0.995 0.999 0.921 0.971 0.973 0.99
15 3 1000 1 1 1 1 0.901 0.991 0.993 0.997 0.704 0.951 0.956 0.982
21 3 100 0.999 1 1 1 0.992 0.997 0.997 0.999 0.99 0.995 0.995 0.998
21 3 200 1 1 1 1 0.991 0.997 0.998 0.999 0.984 0.993 0.994 0.997
21 3 300 1 1 1 1 0.989 0.997 0.998 0.999 0.978 0.992 0.992 0.997
21 3 500 1 1 1 1 0.986 0.997 0.998 0.999 0.969 0.988 0.989 0.994
21 3 1000 1 1 1 1 0.962 0.996 0.996 0.999 0.944 0.981 0.981 0.99

VM1 VM2

p m N min mean median max min mean median max

5 1 40 0.791 0.966 0.972 1 0.68 0.933 0.94 1
5 1 60 0.794 0.958 0.966 1 0.707 0.923 0.933 0.994
5 1 100 0.699 0.923 0.933 0.993 0.583 0.865 0.878 0.984
5 1 200 0.446 0.812 0.826 0.96 0.347 0.655 0.664 0.909
5 1 300 0.324 0.704 0.716 0.933 0.153 0.461 0.456 0.776
5 1 500 0.206 0.512 0.513 0.796 0.086 0.259 0.254 0.582
5 1 1000 0.116 0.294 0.293 0.546 0.026 0.105 0.102 0.244
15 3 40 0.986 0.994 0.994 0.998 0.823 0.991 0.991 0.997
15 3 60 0.985 0.994 0.994 0.998 0.983 0.992 0.992 0.997
15 3 100 0.985 0.994 0.994 0.998 0.976 0.991 0.991 0.998
15 3 200 0.983 0.994 0.994 0.998 0.962 0.987 0.987 0.994
15 3 300 0.981 0.993 0.993 0.997 0.946 0.981 0.982 0.994
15 3 500 0.977 0.99 0.991 0.996 0.937 0.972 0.973 0.988
15 3 1000 0.963 0.987 0.988 0.994 0.904 0.956 0.958 0.978
21 3 100 0.993 0.996 0.997 0.999 0.991 0.995 0.995 0.998
21 3 200 0.994 0.997 0.997 0.998 0.988 0.994 0.994 0.997
21 3 300 0.992 0.997 0.997 0.999 0.983 0.992 0.993 0.997
21 3 500 0.992 0.996 0.996 0.998 0.98 0.989 0.989 0.995
21 3 1000 0.99 0.994 0.994 0.997 0.96 0.983 0.983 0.992

as is the optimal a in ð1 − aÞĈADFþaĈN:
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ranging from 2.4% to 63.3% compared to GLSN : When data
were VM1, the superiority of DLS was not obvious: DLS
reduced the biases of SE estimates ranging from 1.4% to
9.6% compared to GLSN : And GLSN could have smaller

biases of SE estimates in some cases with p ¼ 5: When data
were VM2, DLS reduced the biases of SE estimates ranging
from 4.9% to 19% compared to GLSN , but when p ¼ 5,
GLSN could have smaller biases.

Figure 1. RMSEs From WLS, GLSN , and DLS.
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3.5. Type I Error Rates

We examined the Type I error rates of the Jiang-Yuan rank
adjusted test statistic (TJY) from WLS, GLSN , and DLS (see
Figure 3). When the data were normal, both GLSN and DLS

with TJY produced Type I error rates close to 0.05, while
WLS had substantial inflated Type I error rates (almost 1)
except when p ¼ 5: With non-normal data, DLS generally
provided Type I error rates closer to 0.05 than GLSN and
WLS. When p ¼ 5, WLS could provided Type I error rates

Figure 2. Relative biases of SE estimates from WLS, GLSN , and DLS.
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closer to 0.05 than DLS and GLSN : But in other cases,
WLS’s Type I error rates were substantially inflated.

We also examined the Type I error rates of the standard
model fit statistic T, Satorra–Bentler statistic TSB, and the
mean-and-variance adjusted test statistic TMVA (see https://

github.com/hduquant/DLS-with-the-delta-method.git for detailed
information). T produced inflated Type I error rates with non-
normal data. TSB was different from TJY only when the sample
size was small. Hence, in the majority examined cases, TSB was
equivalent as TJY : With small sample size, TSB produced

Figure 3. Type I error rates from WLS, GLSN , and DLS.
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inflated Type I error rate regardless of the distribution. The
Type I error rates from TMVA were too small and almost 0 in
many cases.

4. An Artificial Data Example

In this section, we illustrate the difference between GLSN
(i.e., IRLS) and DLS in a public dataset, which is available in
the R package, lavaan (version 0.6-5) (Rosseel, 2012). The
original dataset has mental ability test scores of 26 tests for
the 7th and 8th grade children from two different schools
(Pasteur and Grant-White; Holzinger & Swineford, 1939).
The Grant-White dataset has 145 students. There are three
dimensions/factors: spatial ability, verbal ability, and ability
related to speed. The 9th variable is the speeded discrimin-
ation of straight and curved capitals. This variable measures
both a spatial ability and an ability related to speed, there-
fore it has loadings on both factors. The factor model is
Equation (34) with W ¼ diagðw11,w22,w33,w44,w55,w66,w77,
w88,w99Þ,

U ¼
1 /12 /13
/12 1 /23
/13 /23 1

0
@

1
A,

K ¼
k11 k12 k13 0 0 0 0 0 k19
0 0 0 k24 k25 k26 0 0 0
0 0 0 0 0 0 k37 k38 k39

0
@

1
A

0

:

The data and model were used in Du and Bentler
(2022a) to demonstrate DLS estimation with bootstrap.
With bootstrap, as was estimated to be 0.75 in Du and
Bentler (2022a). As mentioned earlier, there are three con-
cerns of bootstrap procedures. First, it is relatively time con-
suming. Second, we have to rely on biased estimates to
create bootstrap samples, which will also influence the esti-
mation of as: And third, the resultant as tends to be more
liberal. Using the current proposed delta method, as was
estimate to be 0.9995, so it heavily relied on ĈN:M: As a
result, the estimates and inferences from GLSN and DLS
were similar. It also implies the proposed method is more
conservative than the bootstrap procedure that it tends to
exclude ĈADF unless the data substantively deviate from
normality.

To better illustrate the difference between GLSN and DLS,
we add non-normality to the data (the artificial data are on
https://github.com/hduquant/DLS-with-the-delta-method.git).

Based on ĥML in the original data, we use the method of
simulating the skewed distribution in the simulation to
simulate a new set of data with 45 participants. We calculate
the multivariate skewness and kurtosis by Yuan et al. (2017)

with 1
Npðpþ1Þðpþ2Þ

PN
i¼1

PN
j¼1 ðxi − �xÞ0

�
S−1ðxj − �xÞ�3 and

1
Npðpþ2Þ

PN
i¼1 ðxi − �xÞ0S−1ðxi − �xÞ

� �2
, respectively. The popula-

tion multivariate skewness and kurtosis should be 1 in the
normal case. This artificial dataset has a multivariate kurtosis
value of 1.80 and a multivariate skewness value of 5.06.

With this artificial dataset, as was estimate to be 0.993. In
terms of model fit, since ÛĈADF is not rank-deficient, TSB

and TJY are the same in this dataset. Since we simulated
data from the true model, we expect a good model fit. DLS
with TSB showed a good model fit (TSB ¼ 24:23, p ¼ 0:391)
whereas GLSN with TSB showed a poor model fit
(TSB ¼ 36:26, p ¼ :039). We present parameter estimates,
the SE estimates, and the z scores of GLSN and DLS in
Table 3. Additionally, we also present ĥML in the original
data as a reference since we simulated data with treating
ĥML as the true values. Although as was close to 1, GLSN
and DLS showed huge differences on multiple coefficients
(e.g., k24, k25, k26, w77, w88). Given n ¼ 45, we did not
expect that either GLSN or DLS could provide estimates
close to ĥML in the original data. But DLS still provided esti-
mates closer to ĥML compared to GLSN : For example, k26
was estimated to be 0.83 in DLS and 2.049 in GLSN , while
ĥML was 0.934. We also computed RMSE across these 22
coefficients with treating MLE:M in the original data as the
true parameters. DLS had RMSE of 0.28, and GLSN had
RMSE of 0.76. Hence, the estimates from DLS were closer
to MLE:M:

5. Summary and Conclusion

Real data are unlikely to be exactly normally distributed.
Ignoring non-normality will cause misleading and unreliable
parameter estimates, standard error estimates, and model fit
statistics. For non-normal data, researchers have proposed a
generalized least squares estimation called the weighted least
squares (WLS) based on the asymptotically distribution free
(ADF) estimator. However, WLS’s advantage does not exist
with small and modest sample sizes To improve WLS, Du
and Bentler (2022a) and Du et al. (2022) proposed a distri-
butionally-weighted least squares (DLS) estimator to com-
bines the normal theory based generalized least squares
estimation (GLSN) and WLS. Their simulations on con-
firmatory factor analysis and latent growth curve modeling

Table 3. Artificial data example.

MLE:M in the original data GLSN DLS

ĥ SE z ĥ SE z ĥ SE z

k11 0.817 0.099 8.263 0.565 0.154 3.679 0.599 0.109 5.482
k12 0.541 0.1 5.426 1.108 0.499 2.223 0.162 0.084 1.929
k13 0.686 0.09 7.642 1.245 0.58 2.148 0.429 0.078 5.496
k19 0.458 0.089 5.126 0.237 0.104 2.277 0.021 0.186 0.111
k24 0.972 0.078 12.383 1.756 0.547 3.207 1.026 0.194 5.297
k25 0.96 0.083 11.631 1.77 0.559 3.165 0.981 0.168 5.835
k26 0.934 0.081 11.553 2.049 0.813 2.522 0.83 0.135 6.136
k37 0.705 0.09 7.853 0.31 0.369 0.84 0.617 0.118 5.234
k38 0.897 0.093 9.598 1.781 1.91 0.933 0.884 0.142 6.226
k39 0.45 0.09 5.032 0.075 0.127 0.594 0.381 0.13 2.935
w11 0.652 0.117 5.551 0.35 0.076 4.617 0.126 0.085 1.471
w22 0.933 0.122 7.634 0.677 0.321 2.109 0.538 0.17 3.165
w33 0.603 0.096 6.254 0.559 0.205 2.731 0.349 0.111 3.136
w44 0.313 0.065 6.4 0.048 0.044 1.082 0.023 0.012 1.904
w55 0.419 0.072 4.847 0.099 0.056 1.781 0.1 0.032 3.083
w66 0.408 0.069 5.824 0.169 0.062 2.723 0.023 0.016 1.454
w77 0.565 0.096 5.913 0.633 0.31 2.043 0.292 0.104 2.812
w88 0.289 0.118 5.865 −2.443 6.858 −0.356 −0.077 0.115 −0.671
w99 0.476 0.065 2.448 1.055 0.734 1.437 0.667 0.439 1.517
/12 0.554 0.081 6.86 0.944 0.051 18.575 0.534 0.121 4.394
/13 0.393 0.103 3.804 0.189 0.265 0.714 0.645 0.167 3.864
/23 0.239 0.095 2.511 0.158 0.218 0.727 0.525 0.162 3.252
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demonstrated that DLS performs better than WLS and
GLSN (and ML) in terms of root mean square errors
(RMSE), relative biases of the SE estimates, and model fit
Type I error rates when the data were non-normal. The key
in DLS is to select an optimal weight as to compute a
weighted average of GLSN and WLS. Du and Bentler
(2022a) and Du et al. (2022) used bootstrapping to estimate
as (a gave the minimum RMSE). There are two concerns of
this bootstrap method. First, in real data, we need to treat
some estimates such as ML parameter estimates as the true
parameters to compute RMSE, but all estimators can be
biased in small samples with nonnormal data. Another con-
cern is that bootstrapping is time consuming.

To better estimate as in DLS, we propose a method
based on the delta method and the empirical Bayesian
method. In the simulation, we found that the selection of
as was based on sample size, model complexity, and distri-
bution. When the data were normal, as was 1 or close to 1.
When the data were elliptical or skewed, as deviated from
1. A larger sample size generally decreased as and increased
the weight of ĈADF: In the real data example, we compared
the estimated as with bootstrapping in Du and Bentler
(2022a) and the estimated as from the current proposed
algorithm, it seems that the proposed algorithm tends to
be more conservative than the bootstrap procedure regard-
ing weighting on ĈADF:

When data were normal, since as was close to 1, DLS and
GLSN provided similar RMSEs and biases of the SE estimates,
and were smaller than those from WLS. When the data were
non-normal, DLS generally provided the smallest RMSEs and
biases of the SE estimates. Additionally, the Type I error rates
of Jiang-Yuan rank adjusted test statistic (TJY) using DLS
were generally around the nominal level (0.05), which were
closer to 0.05 than those from GLSN and WLS.

We did not compare DLS using the bootstrap procedure
and using the proposed algorithm in the simulation. The
main reason is simulation time. Suppose we construct 1000
bootstrap samples for each replication and repeat for 1000
replications, and we also vary the tuning parameter a from
0 to 1 with an equal interval of .01 (i.e., 0, 0.01,… , 0.99, 1).
Just for one condition, there are 108 analyses. Hence, it is
not feasible to conduct the simulation using the bootstrap
procedure. Furthermore, while Du et al. (2022) has
expanded DLS to accommodate models with mean struc-
tures, the currently proposed algorithm for estimating as
requires adjustment to be suitable for models with mean
structures. Additionally, it does not yet address missing data
or categorical data.

In sum, our paper provides an alternative way to com-
pute the distributionally-weighted least squares estimator.
The algorithm is much quicker than the original bootstrap
procedure in Du and Bentler (2022a) and Du et al. (2022).
With this algorithm, DLS still provides more accurate and
efficient estimates than GLSN and WLS.
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Appendix

Derivation of the V Matrix

V½ �hjkl,mnpq ¼
Cov Rhjkl,Rmnpqð Þ

N − 1

¼ E Rhjkl � Rmnpqð Þ − E Rhjklð Þ � E Rmnpqð Þ
N − 1

The first term EðRhjkl � RmnpqÞ in the V matrix involves the 8th,
6th and 4th central moments.

EðRhjkl � RmnpqÞ ¼ rhjklmnpq −
P

m0, n0, p0, q0 rm0n0rmnpqp0q0 −
P

h0, j0, k0, l0 rh0 j0rhjklk0 l0

þP
h0, j0, k0, l0,m0, n0, p0, q0 rh0 j0rm0n0rk0 l0p0q0

where rhjklmnpq is the 8th central moments, rmnpqp0q0 and rhjklk0 l0 are
the 6th central moments, and rmnpq and rhjkl are the 4th central
moments. In

P
m0, n0, p0, q0 rm0n0rmnpqp0q0 , m0, n0, p0, and q0 can be any

combination of h, j, k, and l (e.g., rhjrmnpqkl0 ), and inP
h0, j0, k0, l0 rh0 j0rhjklk0 l0 , h0, j0, k0, and l0 can be any combination of m,

n, p, and q (e.g., rmnrhjklpq). Hence, each of
P

m0, n0, p0, q0 rm0n0rmnpqp0q0

and
P

h0, j0, k0, l0 rh0 j0rhjklk0 l0 has 6 terms. In
P

h0, j0, k0, l0,m0, n0, p0, q0
rh0 j0rm0n0rk0 l0p0q0 , h0, j0, k0, and l0 can be any combination of h, j, k,
and l, and m0, n0, p0, and q0 can be any combination of m, n, p, and q
(e.g., rhlrnprjkmq); in total, it has 36 terms. With a multivariate normal
distribution, EðRhjkl � RmnpqÞ can all be reduced to products of popula-
tion covariances.

E Rhjkl � Rmnpqð Þ ¼ P
h0, j0, k0, l0 rhh0rjj0rkk0rll0

þrhjrklrmnrpq þ rhkrjlrmnrpq þ rhlrjkrmnrpq

þrhjrklrmprnq þ rhkrjlrmprnq þ rhlrjkrmprnq

þrhjrklrmqrnp þ rhkrjlrmqrnp þ rhlrjkrmqrnp

where h0, j0, k0, and l0 can be any combination of m, n, p, and q (e.g.,
rhmrjnrkprlq) with a total 24 combinations. EðRhjklÞ � EðRmnpqÞ is
equivalent to the later 9 terms in EðRhjkl � RmnpqÞ:
E Rhjklð Þ � E Rmnpqð Þ ¼ rhjrklrmnrpq þ rhkrjlrmnrpq þ rhlrjkrmnrpq

þrhjrklrmprnq þ rhkrjlrmprnq þ rhlrjkrmprnq

þrhjrklrmqrnp þ rhkrjlrmqrnp þ rhlrjkrmqrnp

Hence, ½V�hjkl,mnpq ¼
P

h0, j0, k0, l0 rhh0rjj0rkk0rll0=ðN − 1Þ:
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