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ABSTRACT

With the increase in empirical studies evaluating measurement invariance of psychological measures,
psychometricians and methodologists have called for more attention to effect size when invariance is
violated—that is, the practical significance of noninvariance. However, most existing effect sizes are
limited to two-group designs. As researchers increasingly explore invariance across more than two
groups (e.g., race and ethnicity) and multiple grouping variables (e.g. race and gender), we propose
the fuyacs (and f,\z,lAcs) statistic as a natural extension to the dwacs effect size by Nye and Drasgow
(2011) for multiple groups, similar to how Cohen’s f is an extension of Cohen’s d for standardized
mean differences of more than two groups. Using two empirical examples, we illustrate how fyacs can
be computed using parameter estimates of a partial invariance model, and show how fyacs can quan-
tify noninvariance due to both main effects and interactions when there are multiple grouping varia-
bles. We also provide suggestions for improving reporting practices of measurement invariance
analyses to facilitate the computation of effect sizes in secondary research, making it easier to evaluate
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the replicability of invariance studies and synthesize findings from such studies.

1. Introduction

Measurement invariance (MI) is achieved when an instru-
ment measures a construct in an equivalent way across peo-
ple or objects, settings, and time. In science, MI is a critical
condition for quantitative analysis, as any statistical conclu-
sions may be erroneous when confounded with nonequiva-
lent measurement. For example, previous studies have found
that female participants tended to report more crying symp-
toms in a depression screening test than male participants,
even when participants were matched on other depressive
symptoms (e.g., Cole et al., 2000). Kush et al. (2023), in a
synthesis of five studies, found the item “Fights” in a teacher
observation instrument of aggressive-disruptive behavior
was endorsed more often for males than for females, when
the latent trait was held constant. Dong and Dumas (2020)
conducted a systematic review of 75 articles studying MI of
personality measures across cultural/ethnic groups, and
found that none of the articles achieved MI in the strict
sense, highlighting the need for caution when interpreting
cross-cultural comparisons of personality measures.

When MI is violated, observed scores of an instrument
may not be directly comparable across groups, and the dif-
ferences in observed scores may not reflect true differences
in the latent construct of interest. This could lead to not
only spurious group mean differences (e.g., Borsboom,

2006) or interaction effects (e.g., Hsiao & Lai, 2018), but
also reduced statistical power (e.g., Tse et al., 2024).

While there has been tremendous growth in social and
behavioral research assessing MI of psychological measures
(e.g., Putnick & Bornstein, 2016), traditional invariance test-
ing only permits binary conclusions of whether MI holds,
and provides little information regarding the magnitude of
noninvariance (i.e., violation of MI). As with any other stat-
istical procedure, in MI analysis, effect size measures pro-
vide information regarding the practical significance of
inferential  results (American  Educational = Research
Association, 2006; Appelbaum et al., 2018). For example,
when the sample size is large, a statistically significant viola-
tion of invariance may correspond to negligible differences
in the obtained scores (e.g., Lai et al., 2019; van Dijk et al,,
2022), whereas in small samples, sizable violations of MI
may not be statistically significant.

Previous systematic reviews have highlighted the lack of
replicability of MI findings, and the inattention to effect size
for measurement noninvariance is a potential cause (Dong
& Dumas, 2020; Zhang, 2022). For example, in a systematic
review, Dong and Dumas (2020) reported extremely large
cross-study variations in the invariance conclusions of per-
sonality measures across culture, gender and age. In another
meta-analysis of 32 articles evaluating gender invariance of
the Center for Epidemiological Studies Depression (CES-D)
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scale, Zhang (2022) found that statistical conclusions were
drastically different across studies, and each of the 20 items
in CES-D was found noninvariant in at least one study.
Both Dong and Dumas (2020) and Zhang (2022) reported
that only a very small portion of the studies reported effect
sizes or contained sufficient information to compute effect
sizes, an observation consistent with the systematic review
by Putnick and Bornstein (2016) and a more recent review
by Maassen et al. (2023). The lack of effect size reporting in
MI studies, therefore, makes it hard to assess the severity of
the apparent “replication crisis” in those studies.

1.1. Measurement Invariance Under the Common Factor
Model

Before the discussion of effect sizes for MI, we briefly review
the common factor model, which is the basis for most MI
applications. Readers can consult Millsap (2011) for a more
detailed discussion. The common factor model assumes
that, for a set of p indicators Y),Y,,...,Y, measuring q
latent variables 1y, ..., n,, where usually g < p, most of the
shared variance among the indicators can be explained by
the latent variables, while each indicator also has a unique
component. The local independence assumption states that
the unique components of different indicators are not inter-
dependent, so that the latent variables are the only sources
of shared variances among the items. For the current manu-
script, we focus on unidimensional models with g =1,
although the concepts can be extended to multidimensional
models.

Each indicator Y; is linked to m by a measurement
model, P(Y;) = fy(n; ®;), where o; is a vector of measure-
ment parameters. The measurement model can be linear
(e.g., linear factor analysis) or nonlinear (e.g., ordinal factor
analysis and item response theory), and different procedures
have been developed for assessing MI with different meas-
urement models (Leitgob et al., 2023; Somaraju et al., 2022;
Vandenberg, 2002).

Typically, the steps for assessing MI with continuous
indicators include sequentially testing the four MI levels of
configural, metric, scalar, and strict invariance. For ordered
categorical items, similar steps are usually considered,
although the specific ordering may not be as straightforward
as in the continuous case (as discussed in Wu & Estabrook,
2016). Because latent variables generally do not have intrin-
sic units, in the traditional approach (e.g., Example 2 in the
current paper), one or more items need to be anchors, with
cross-group equality constraints on the measurement
parameters, so that the latent variables are on the same met-
ric across groups and the degree of noninvariance can be
assessed for the remaining items. After that, equality con-
straints are placed on invariant parameters, while noinvar-
iant parameters are freely estimated across groups, resulting
in a partial invariance model. Based on the partial invari-
ance model, effect sizes for noninvariant items can be com-
puted. On the other hand, recent methods such as
alignment optimization (Asparouhov & Muthén, 2014) and
regularization (Belzak & Bauer, 2020) reframe MI
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assessment as an optimization problem with the goal of
finding an approximate invariance solution, which makes
the process less labor intensive and avoids the need for
anchor items (see Example 1 in the current paper).

1.2. Effect Size Measures for Violations of MI

Discussion of effect size measures for MI can already be
found in early literature in the context of item response the-
ory (e.g., the area measures by Raju, 1988). We refer readers
to Meade (2010) for a comprehensive taxonomy of MI effect
sizes. In this article, we focus on extending the dyacs effect
size by Nye and Drasgow (2011), which quantifies the
standardized mean difference in item scores due to nonin-
variance, for three reasons. First, dyjacs—one of the few
standardized effect sizes proposed (see also Zwick et al.,
1993)—can, arguably, be compared even when raw item
scores are on different units (e.g., binary vs. 5-point scales).
Second, dmacs is analogous to the popular Cohen’s d effect
size for comparisons of two groups, making it more familiar
and easily interpretable to researchers. Third, dyacs is rela-
tively well-researched: Nye et al. (2019) has provided bench-
mark values of small, medium, and large dyacs, and Gunn
et al. (2020) has discussed several extensions using signed
differences and assigning different weights to the samples.

Consider an indicator Y; measuring a latent variable n
with probability distribution f(n) in two groups: g and &,
and let the sample size of group g be n,. Let Y;(n) =
E(Yjn) be the conditional expected item score given the
latent score n and the measurement parameters. Nye and
colleagues (Nye et al., 2019; Nye & Drasgow, 2011; see also
Meade, 2010) proposed

p [ (Y = Vg In)*f (n)dn
MACS;, (g1.82) — Var(Yj)

(1)

to quantify the effect of measurement noninvariance or bias
on the expected score of item j. In the above equation,
Var(Y;) = 3, ngVar(Yj,)/N is the pooled variance of item
j, with N=3 n,. Note that if an item is found or

assumed invariant such that the measurement parameters
are constrainted equal across groups, dyacs will be zero. Lai
(2023) showed that dyacs is effective in gauging the degree
of noninvariance following approximate invariance analysis
with alignment optimization (Asparouhov & Muthén, 2014).
Gunn et al. (2020) further discussed modifications to dyacs
to use the variance of the reference group instead of the
pooled variance across groups as the unit of standardization.

While dyacs only concerns two groups, many grouping
variables (e.g., ethnic and cultural groups, countries) naturally
have more than two categories, and researchers are often
interested in combinations and intersections of grouping vari-
ables (e.g., sex and race). While it is possible to handle multi-
category grouping variables by (a) doing G x (G —1)/2 pair-
wise comparisons and reporting many dyacs Statistics or (b)
splitting the groups into two meaningful sets for compari-
sons,! approach (a) is tedious, and approach (b) represents
some loss of information. Also, researchers may be interested
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in a summative statistic indicating the degree of noninvariance
across G > 2 groups.

In this manuscript, we introduce fyacs as an extension to
dmacs, using the same logic that the Cohen’s f effect size is a
natural extension to the Cohen’s d effect size for mean differ-
ences across multiple groups. We then discuss how one can
compute fyacs for specific sources of noninvariance (e.g.,
interactions between gender and ethnicity) using contrasts,
similar to the partitioning of sum of squares in analysis of
variance (ANOVA). Later, we present two examples of calcu-
lating the fyacs effect size using data reported in previous
studies: one from a cross-cultural survey with a large number
of countries and with the use of the relatively new technique
of alignment optimization for approximate invariance
(Asparouhov & Muthén, 2014), and the other from a valid-
ation study involving more than one grouping variable. The R
code for reproducing the analyses has been made publicly
available on GitHub (https://github.com/marklhc/fmacs-supp/).

2. The Proposed fyscs Effect Size

Given that dyacs is analogous to Cohen’s d for two groups,
we propose fyacs as an analog to Cohen’s f (Cohen, 1988)
for the degree of noninvariance with two or more groups:

Gj
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where G;j is the number of groups for item j (to accommo-
date missing data or items). Note that X Zg V(Y= Yin)?
is the average squared deviation from the expected item
mean, due to noninvariance. Therefore, f,cs quantifies the
ratio of (a) the variance due to noninvariance of the
expected item score across groups to (b) the pooled within-

group variance of the item score. Taking the square root,
and treating the pooled item standard deviation as a unit of
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Figure 1. Variability of expected item score (V) at a given 1.

Note: The item characteristic curves are based on a two-parameter logistic
model. Discrepancies in the three curves (indicated by the & s) show measure-
ment noninvariance across groups.

standardization, we can see that fyjacs is conceptually

SD noninvariance

SD item score

Figure 1 illustrates between-group variations in expected
item score (Y i¢) at a given level of 1, based on a two-par-
ameter logistic item response model. The three curves show
the relation between Y}, and 1 across three groups, and the
discrepancy in the curves indicates that the item is not
invariant. For example, at N = 1, the expected item score
f’jg is 0.62, 0.80, and 0.86, respectively for g = 1, 2, and 3.
Assuming the three groups are of equal sizes, the grand
mean Y is 0.76. The deviation of Y;;|n =1 from the grand
mean is —0.14 for g =1, 0.04 for g = 2, and 0.10 for g = 3,
so the mean squared deviation across the three groups,
E[(f/jg - f’j)2|n = 1] is 0.01. The computation is analogous
to that of the between-group sum of squares in one-way
ANOVA. To determine the variance due to noninvariance,
one can similarly compute E[(Y;, — ¥;)*|n] for all values of
1, and then obtain the weighted average by integrating out
the latent score m.

In a linear factor model, it can be shown that f, s sim-
plifies to
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where v and A represent measurement intercepts and load-
ings, respectively, and v and A are the sample size weighted
averages of intercepts and loadings. Therefore, if a
researcher studying invariance across ethnic groups finds
fmacs = 0.5, it means that the differences due to noninvar-
iance in item scores across ethnic groups are half the size of
the differences in scores within each ethnic group. In other
words, even when there were no difference in the latent
construct across groups, each ethnic group would differ
from the grand mean by, on average, 0.5 standard devia-
tions, which is generally considered substantial.

Wie-T)Em)

2.1. Different Weighting Schemes

While the above equation assumes that the parameters of
each group are weighted by the respective sample size,
sometimes researchers may want to weight the groups dif-
ferently (e.g., Gunn et al., 2020), especially when the popula-
tion sizes are very different from the sample sizes. The
following is a more general version of equation (2) that
incorporates group weights, wy;:
1 Gf 00 (A — 2
Wej Yig = Y‘In) f(n)dn.
(2 ng)ijar(Yj)gZ:; g]J—oo B
(4)

A special case is when wy = wg for all g s and j # f,
meaning that every group is weighted equally. As a

2
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hypothetical example, consider a researcher studying nonin-
variance of an item across a sample of White, Black, and
Asian Americans with a sample size of 100 for each group.
The researcher finds the item intercept to be 0.6, 0.7, and
0.9, respectively. If the groups are weighted by their sample
sizes, the fuacs effect size would be 0.12. However, if the
researcher is interested in the item variation due to nonin-
variance at the population level, the researcher may choose
to weight the groups based on the population sizes, with
75.3% White, 13.7% Black, and 6.5% Asian at the U.S.
national level according to the 2024 Census (U.S. Census
Bureau, n.d.), which would yield a different fyjacs effect size
of 0.08.

2.2. Relationship Between fyscs and dyiacs

In mean comparisons with two groups, Cohen’s d and f
effect sizes are related such that d = 2f (Cohen, 1988). For
dMACS and fMAC57 ZfMACS = dMACS also holds exactly for
continuous indicators. For example, for a noninvariant item,
if Ay = 0.7 and vy = 0.2 for the focal group, and A, = 0.4
and v, = 0 for the reference group, when n ~ N(0,1) for
the reference group, and Var(Y;) = 1, we have dyacs =
0.64, and fMACS = 0.32.

2.3. Bias of Sample fyscs Estimates

Given that fyacs is conceptually linked to Cohen’s d and f
effect sizes, and the sample estimates of d and f are gener-
ally biased in small samples (e.g., Hedges, 1981), we per-
formed a small-scale simulation to investigate the bias of
sample fuacs estimates. The details of the simulation are
provided in the supplemental materials (https://github.com/
marklhc/fmacs-supp/). As a brief summary, the results
showed that the sample fyacs estimates were generally
unbiased with a sample size of n = 250 per group, while
the use of the bootstrap method for bias correction (Efron,
1987; see details in the supplemental materials) generally
reduced the bias to an acceptable level with n=100. The
need for bias correction was stronger with categorical indi-
cators than with continuous indicators.

2.4. Information Needed for Computing dyiacs and fyacs

In addition to effect sizes for violations of MI, we also advo-
cate for the reporting of the information necessary to com-
pute these effect sizes, so that other researchers can
reproduce the results, and secondary researchers and meta-
analysts can have the option to compute effect sizes differ-
ently, if needed. As a result, effect sizes from multiple stud-
ies can be compared and synthesized.

Like most effect size statistics, computing point estimates
of dyvacs and fyacs does not require the raw data, but only
some secondary information about the data and the invari-
ance analyses. Unfortunately, information such as group-spe-
cific loadings and intercepts, was rarely reported in previous
invariance studies, as found in Nye et al. (2019), Dong and
Dumas (2020), and Zhang (2022) when attempting to
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Table 1. Information needed to compute effect sizes for noninvariant items in
secondary analyses.

Option 1: Raw Data

- Raw data with clear variable descriptions

- Analytic scripts for reproducing invariance analyses

Option 2: Group-Specific Summary Statistics

- Group sizes

- For continuous indicators, means and covariance matrices

- For categorical items, thresholds and polychoric correlations (or tetrachoric
correlations for binary items)

Option 3: Group-Specific Parameter Estimates

- Group sizes

- Item standard deviations

- For continuous indicators, parameter estimates of loadings, intercepts,

and unique variances and covariances

- For categorical items, parameter estimates of loadings, thresholds,

and unique variances and covariances

compute effect sizes for noninvariance from the primary
studies. While guidelines for reporting invariance analyses
exist (e.g., Maassen et al., 2023; Putnick & Bornstein, 2016),
they are geared towards assessing whether different levels of
invariance are tenable, not the magnitude of noninvariance.
Therefore, we summarize below (and also in Table 1) the
information needed for computing dyacs and fuacs effect
sizes for researchers conducting secondary analyses and
meta-analyses, with the hope of improving the replicability of
invariance analyses and making them part of cumulative sci-
ence (Lakens, 2013).

2.4.1. Raw Data

If possible, the best way to allow future researchers conduct-
ing secondary or meta-analyses computing effect sizes is to
share the raw data with clear documentation for conducting
the invariance analyses. This gives maximum flexibility for
other researchers as they can use alternative methods for
parameter estimation, determination of noninvariant items,
and effect size computation, and is in the spirit of the open
science movement (e.g., Shrout & Rodgers, 2018).

2.4.2. Means and Covariance Matrices

If it is not feasible to share raw data, researchers could share
summary statistics that are (practically) sufficient to repro-
duce the invariance analyses. For analyses with normal-the-
ory maximum likelihood estimation, the sufficient statistics
are the means and covariance matrices of all items for each
group, as well as the group sample sizes. For analyses with
categorical data and least squares estimation, one should
share the item thresholds, the tetrachoric (for binary items)
or the polychoric (for ordered categorical items) correlations
for each group, and the group sample sizes.” Access to these
summary statistics would allow secondary studies to repro-
duce and reconduct the invariance analyses, except for
potential differences due to, for example, missing data and
robust standard errors.

2.4.3. Parameter Estimates

From equations (1) and (2), one can see that dyacs and
Sfmacs use the following information: (a) sample sizes for
each item in each group, (b) parameter estimates of the final
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partial invariance model, which include loadings, intercepts
(or thresholds and unique variances and covariances for cat-
egorical items; Tse et al., 2024), and latent means and var-
iances, and (c) item standard deviations for each group. If
(c) is missing, one can also compute the model-implied
item standard deviations when the unique variances (and
any covariances) are also available.

Note that the “Journal Article Reporting Standards” by
the American Psychological Association (Appelbaum et al.,
2018) suggested that sample means, covariance matrices,
and the parameter estimates should be routinely reported
when doing structural equation modeling, which subsumes
invariance analyses. Also, the reporting guidance above is
specific to computing dyacs or fuacs effect sizes; research-
ers should still consult the guidelines by, for example,
Putnick and Bornstein (2016), Luong and Flake (2023), and
Maassen et al. (2023) for recommendations for other infor-
mation to be reported in invariance analyses.

Next, we present two empirical examples to illustrate
how fuacs can inform the magnitude of item noninvariance.
The R package pinsearch can compute fyacs with either a
fitted partial invariance model from lavaan (Rosseel, 2012)
or with parameter estimates as discussed above. The full R
code for the examples can be found in the online supple-
mental materials.

3. Empirical Example 1

In the first example, we used data analyzed in Asparouhov
and Muthén (2014), which illustrated the alignment opti-
mization method for approximate invariance. The data
included 49,894 participants from 26 European countries
answering four items measuring the construct “Tradition
and Conformity.” Each of the four items was on a 6-point
scale, with an example item “It is important for him to be
humble and modest. He tries not to draw attention to
himself.” More details can be found in Asparouhov and
Muthén (2014) and Beierlein et al. (2012).

Using the alignment algorithm in the R package sirt
(Robitzsch, 2024),” the aligned loadings were, across the 26
countries, 0.351 to 0.825 for Item 1, 0.358 to 0.859 for Item
2, 0.538 to 0.905 for Item 3, and 0.764 to 1.002 for Item 4,
respectively. The aligned intercepts were 2.27 to 3.47 for
Item 1, 2.04 to 3.10 for Item 2, 2.62 to 3.83 for Item 3, and
2.50 to 2.73 for Item 4. The aligned loadings, aligned inter-
cepts, and the item uniqueness are needed to compute the
fuacs effect size statistics and can be found in the online
supplemental materials.* The fit of the aligned model, which
was the same as the configural invariance model, was
acceptable, y* (df=52) = 317.1, p < .001, RMSEA = .052,
CFI = .99, SRMR = .013. The ranges of the loadings and
intercepts suggest that noninvariance is larger for Items 1 to
3 than for Item 4, which is consistent with the fyacs values
of .260, .186, .244, .053 for Items 1 to 4. The fyracs values
for Item 1 indicate that the expected item score for each
country differs from the grand mean by .26 in standardized
units, which is substantial. On the other hand, for Item 4,

the expected item score differs from the grand mean by .053
in standardized units, which is negligible.

According to Nye et al. (2019), dyacs < 0.20 can be con-
sidered negligible, and using the conversion dyacs = 2
fmacs, we can consider fyacs < 0.10 to indicate negligible
noninvariance. Given that three out of the four items
showed fyacs much higher than .10, it appears that partici-
pants from different countries interpret those three items
somewhat differently. Previous literature on alignment opti-
mization (e.g., Asparouhov & Muthén, 2014; Lai, 2023) rec-
ommended no more than one-third of the items to have
substantial noninvariance for the results to be trusted, so
researchers should exert extreme cautions when trying to
compare the Tradition and Conformity construct across
countries.

4. Empirical Example 2

As a second example, we re-analyzed the data set made pub-
licly available by Lui (2019), which aimed to evaluate invari-
ance of a measure of alcohol beliefs among 1,148
undergraduate students from a private university in the
United States. Alcohol beliefs were measured by the College
Life Alcohol Salience Scale (CLASS; Osberg et al, 2010)
consisting of 15 Likert items (1=strongly disagree to
5 = strongly agree). The author conducted an invariance ana-
lysis of CLASS across gender (65% female) and ethnicity
(44.9% Caucasian, 19.9% Asian, 10.3% African American,
16.7% Latinx/Hispanic, and 8.3% mixed/other ethnic back-
grounds), as well as a few other demographic background
variables. They determined noninvariance by the likelihood
ratio test (at .01 level), the change in goodness of fit indices
(ACFI and ARMSEA; Cheung & Rensvold, 2002), and the
bootstrap confidence interval test (Cheung & Lau, 2012).
They found six items to have noninvariant intercepts across
ethnic groups. While the author investigated invariance sep-
arately on different demographic groupings, in our reanaly-
sis, we combined gender and ethnic groups to investigate
their intersectionality. In addition, given the relatively small
number of African American participants and the results
from Lui (2019) that the one-factor model for CLASS did
not fit this subgroup, we focused our illustration on
Caucasian, Asian, and Latinx/Hispanic participants, resulting
in an analytic sample size of 937. Following Lui (2019), we
used maximum likelihood estimation with sandwich esti-
mates of standard errors and scaled test statistics (i.e., the
estimator = “MLR” option in lavaan).

4.1. Specification Search

We first evaluated different levels of invariance of all 15
items across the six Gender x Ethnicity combinations.
Specifically, we followed the specification search approach
by Yoon and Millsap (2007) to sequentially identify nonin-
variant parameters using modification indices (ML; Sorbom,
1989). The algorithm proceeds in stages of loading, inter-
cept, and uniqueness invariances. In each stage, all parame-
ters at that stage (e.g., loadings) are first assumed invariant,



and the invariance constraint with the largest MI is repeat-
edly freed in the next model, until the largest MI is below a
pre-specified cutoff. Here we chose a cutoff of 3.84, which
corresponds to the 95th percentile of the %? distribution
with one degree of freedom.

Caucasian males were the reference group, and the latent
Alcohol Beliefs variable was identified by fixing the mean to
zero and the variance to one for the reference group. We
freed the unique covariances between Items 1 and 2 for
item wording similarity, as suggested by modification indi-
ces. The configural invariance model had an acceptable fit,
scaled y2 (df=534) = 9351, p < .001, RMSEA = .073,
CFI = .93, SRMR = .051. The specification search for non-
invariant parameters was automated using the pinsearch R
package (Lai, 2024), and the final partial invariance model
had scaled y* (df=735) = 1,180, p < .001, RMSEA =
.065, CFI = .92, SRMR = .077. As shown in Table 2, while
metric invariance was found tenable, a total of 12 intercepts
from 8 items were found to be noninvariant for at least one
group in the final partial invariance model. The parameter
estimates of the partial invariance model can be found in
the supplemental material.

4.2, fMACS Effect Size

As shown in Table 3, fyacs ranged between 0.06 and 0.15
for these 8 items. Therefore, the impact of noninvariance on
the observed item score was generally small, but was larger
than or close to 0.10 for Items 1, 2, 4, and 14. These items
overlap with those found by Lui (2019): Items 2, 4, 7, 14,
and the discrepancy could be due to the exclusion of
African American participants in our analysis, as well as the
fact that Lui (2019) did not explore interactions between
gender and ethnicity.

4.3. Contrast

Much like in ANOVA, where researchers may be interested
in specific contrasts in addition to the omnibus effect, the
same can be done for fyacs, such as (a) male compared to
female, (b) difference among Caucasian, Asian, and
Hispanic/Latinx, and (c) the interaction (intersectionality) of
gender and ethnicity. Specifically, denote the variable for a
constrat as C with K levels. To compute fyacs for a con-
trast, we can again use equation (4), but use weighted aver-
ages of parameters at each contrast level (ie, Vi =

Table 2. Noninvariant parameters from specification search.

Step Item Group Noninvariant parameter
1 class14 Caucasian Female intercepts
2 class1 Caucasian Female intercepts
3 class2 Asian Male intercepts
4 class2 Hispanic Male intercepts
5 class4 Hispanic Female intercepts
6 class4 Asian Female intercepts
7 class8 Asian Female intercepts
8 class4 Asian Male intercepts
9 class7 Asian Female intercepts
10 class3 Asian Female intercepts
1" class7 Asian Male intercepts
12 class5 Hispanic Female intercepts
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Z{g:Cg:k} WigVig/ Z{g:Cg:k} wig and Ay = Z{g:Cg:k} wighig/
> (g:Co—k} Wi for continuous indicators) instead of the
group-specific parameters (i.e., vj, and Aj). The weight for
each contrast level is the sum of the weights of the groups
with that level.

In addition, one can also compute fyacs for a set of con-
trast coefficients (e.g., Casella & Berger, 2002, Chapter 11),
again analogous to the practice in ANOVA. Let aj,a,,

..,ay be a set of contrast coefficients, where M < G and,
for each a, Zg ay =0. Let L=[a; a, --- ay] be the con-
trast matrix. For example, one can represent the overall dif-
ference among G = 4 groups using the following matrix for
effect coding:

1 0
0 1
LiOO

— o O

-1 -1 -1

Then, for each level of 1, we can replace (f/jg —?1-)2 in
equation (2) with the variance due to the set of contrasts
(see, e.g., Rencher & Schaalje, 2008, Chapter 15):

[LT?j(n)} "wrw [LT?j(n)} ,

where Y; = [Y;1. V). ...,f/jG]T is the vector of group-specific
expected item score at a given level of 1, and W is a diag-
onal matrix of group weights.

As shown in Table 3, fyacs was larger for ethnicity than
for gender for most items, but fyacs for the interaction was
similar in size as the main effect for gender. It should be
pointed out that, given the unbalanced sample sizes, the
main effects of gender, ethnicity, and their interaction are
correlated, so the sum of f, s for the main and interaction
effects would not be equal to the overall fyacs.

The results of Example 2 suggest that items 1, 2, 4, and
14 to have more than negligible violations of invariance,
and the contrast analysis shows ethnicity to be more pre-
dictive of noninvariance than gender for item 4 (“The
reward at the end of a hard week of studying should be a
weekend of heavy drinking”). These results suggest possible
directions for revising items so that they are more compar-
able across groups, and researchers should analyze the
wordings and participant understanding of the items before
deciding whether to drop or revise an item. Note that non-
invariance from multiple items can compound or cancel
each other out at the test score level, so further analyses
could be performed, such as the selection accuracy analysis
suggested by Millsap and Kwok (2004) and the item dele-
tion analysis by Ozcan and Lai (2024).

Table 3. fyacs Effect sizes for empirical example 2.

Item Overall Gender Ethnicity Gender x ethnicity
class1 0.10 0.03 0.05 0.05
class2 0.10 0.08 0.06 0.06
class3 0.07 0.03 0.04 0.04
class4 0.1 0.04 0.09 0.05
class5 0.06 0.03 0.04 0.04
class7 0.08 0.00 0.07 0.00
class8 0.09 0.04 0.05 0.05
class14 0.15 0.04 0.07 0.07
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5. Discussion

Despite the growth in empirical studies investigating meas-
urement invariance of psychological instruments, most stud-
ies have focused only on significance tests and goodness-of-fit
indices of the invariance models, and less attention has been
paid to quantifying the magnitude of noninvariance on an
interpretable metric. The dyacs effect size proposed by Nye
and Drasgow (2011) is a useful metric that informs the stand-
ardized mean difference in expected item scores due to nonin-
variance, and has gained popularity in recent years. However,
it is only applicable when there are two groups, and applied
researchers are usually interested in grouping variables with
more than two levels or multiple grouping variables.

In this paper, we propose the fyacs (and fi, o) effect size
to quantify the ratio of between-group item variance due to
noninvariance to within-group item variance, which is a
natural extension of dyacs when there are more than two
groups. We provide two empirical examples of how fuacs
can quantify the magnitude of noninvariance when using dif-
ferent invariance testing methods. Given that effect size has
been part of the reporting standard for quantitative analyses
in the past two decades, we recommend researchers, journal
editors, and reviewers follow the same standard for invariance
analyses. We also outline what information can facilitate
effect size computations in secondary analyses and meta-anal-
yses for measurement invariance, with the hope that future
invariance analyses can be more transparent and replicable.

While the current paper focuses on item-level noninvar-
iance, test-level invariance may also be of interest when test
scores, usually unweighted or weighted sums of item scores
(such as predicted factor scores in factor analysis), are used
(e.g., Chalmers et al., 2016; Stark et al, 2004). One can
obtain test-level fyacs by replacing Y in equation (2) by Z,
where Z = w;Y, + w,Y, + ... is the test score varlable
with weights wy, w,, .... The test-level fyacs is available in
the pinsearch package by supplying the item_ weights
argument, as illustrated in the supplemental materials for
both applied examples.

The current paper also only focuses on violation of MI
with respect to discrete grouping variables. As Cohen’s f can
also be applied to regression analysis with a continuous pre-
dictor, it should be possible, in theory, to compute fyacs for
violation of MI with respect to a continuous variable, W, such

~ ¥jn)’
represents the between group variance due to noninvariance,
which can be replaced by the variance accounted for by W.
For example, for a multiple-indicator multiple-cause (MIMIC)
model with noninvariant intercept for item j,

Yj = (Vj + b]W) + 7\«]‘1'] + Sj,

as age. In Equation (2), the finite sum Zg L ng(Yig

where N = vy, + YW and the intercept depends on W, the
variance accounted for by W, conditioned on m, is
b7 Var(
ate fyacs for continous violators.

Like other effect size statistics, one main area of future
research for dyacs and fyuacs is to determine the distribu-
tion of effect sizes in empirical research, and use such

W). Future research can further formalize and valid-

information to determine possible benchmark values. In
other words: what values of dyacs and fyacs are considered
small or large? Currently, a major obstacle is that the major-
ity of existing invariance research did not report sufficient
information for effect size computation (Dong & Dumas,
2020; Nye et al., 2019). Nye et al. (2019) instead used simu-
lations to give two sets of benchmark values for dyacs in
terms of the impact of item noninvariance for subsequent
analyses: .20 or .40 for small noninvariance, .40 or .60 for
medium noninvariance, and .70 or .80 for large noninvar-
iance. Given the benchmark values suggested by Nye et al.
(2019), one can derive benchmark values for fyacs using
the relation dyvacs = 2fmacs when there are two groups,
which is also the approach Cohen (1988) took when sug-
gesting benchmark values for f and some other effect size
statistics. Based on our experiences, we suggest using
Jfmacs < .10 for negligible noninvariance, as a starting point.
While these benchmark values could provide impetus for
researchers to adopt effect size statistics for noninvariance,
they should be used with caution as the interpretation of
the magnitude of noninvariance should be based on many
other factors, such as the construct of interest, the grouping
variables, the main usage of the instrument, the context of
the measurement, and so on. Future research should focus
on refining the benchmark values and providing more fine-
grained guidelines for using these effect size statistics.

There are several limitations in the current paper. First,
we have only defined fyacs at the population level and sub-
stituted in sample estimates of the model parameters to esti-
mate fuacs. As long as the parameter estimates are
consistent, the sample fyacs estimate should also be consist-
ent, as demonstrated in our simulation studies. On the other
hand, our simulations also showed that sample estimates of
fmacs could be biased in small samples, much like how
Cohen’s d is a biased estimator of standardized mean differ-
ence in the population level, and future research should fully
investigate the properties of sample fyacs estimates across a
wider range of conditions like number of items and larger
number of groups using simulation studies. Second and relat-
edly, there has not been discussion on obtaining uncertainty
measures, such as standard errors and confidence intervals,
for dvacs and fuacs. Some possible options are the delta
method, bootstrapping, and the Monte Carlo method by sim-
ulating from the multivariate sampling distributions of the
parameter estimates (e.g., Preacher & Selig, 2012), and future
research can demonstrate and investigate the performance of
these methods for noninvariance effect size, as well as that of
alternative methods. Third, both dyacs and fyacs are model-
dependent as they assume that the partial or approximate
invariance model is correctly specified. However, in practice,
such a model is usually obtained after some kind of specifica-
tion search procedure, as in our Example 2. It is unclear to
what extent uncertainty in model selection would bias both
point and uncertainty estimates of dmacs and fuacs, and
future research is needed to shed light on this issue. Future
research may also look into ways of incorporating model
uncertainty when estimating dyacs and fuacs, and effect size
estimators of noninvariance that are less model-dependent.



Notes

1. For example, Zieger et al. (2019) performed pairwise
comparisons to test measurement invariance of a teacher
satisfaction measure between England and 17 other countries.

2. With weighted least squares estimation, one also needs the
p’ x p’ weight matrix, which involves the fourth moments
of the items and p’ = p(p —1)/2. However, given the size
of the matrix, such a matrix is rarely reported in practice
except when the number of items is small. For secondary
analyses, the polychoric correlations and thresholds can be
used to perform unweighted least squares estimation by
using an identity matrix for the weight matrix.

3. The alignment model is identified by the fixed =FALSE
option in sirt, which constrains the product of latent SDs
across groups to 1.

4. The item uniqueness is not affected by the alignment
algorithm.
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