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ABSTRACT 
Investigating measurement invariance is an essential prerequisite for meaningful evaluations of psy
chological questionnaires. Because the widely-used approach of treating MI as a binary decision does 
not enable inferences about the practical implications of non-invariance, effect sizes for MI – most not
ably dMACS – were proposed. So far, such effect sizes have only been defined for models with simple 
structure, which consequently limits their applicability. In this paper, we extend dMACS and subsequent 
effect sizes of measurement nonequivalence to general factor analytic models, rendering them univer
sally applicable. We provide corresponding implementations with optimal computational complexity.
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1. Introduction

Psychological research commonly revolves around inferences 
of latent variables, such as motives, attitudes, or character 
traits. Such variables are unobservable and need to be meas
ured indirectly. This typically involves measurement models 
constructed from data of observable indicators, usually given 
by the responses to a survey or test item. For any meaning
ful comparisons of latent variables across groups or time, 
measurement invariance (MI) is often seen as a prerequisite 
(e.g., Meredith, 1993; Putnick & Bornstein, 2016; Van De 
Schoot et al., 2012). This follows the idea that values 
obtained from measures can only be assumed to be readily 
comparable, if the corresponding measures function identi
cally across all groups of interest.1 Consequently, several 
methods of assessing MI to explicitly detect sources of non- 
invariance and item biases have been developed. The most 
widely established method – multi-group confirmatory factor 
analysis (MG-CFA) – enables researchers to evaluate levels 
of MI by differentiating between several types of invariance 
across groups (e.g., Van De Schoot et al., 2012; Vandenberg 
& Lance, 2000): configural invariance (identical measure
ment model structure & applicability of the same con
straints), metric invariance (identical loading parameters), 
scalar invariance (identical intercept parameters), and strict 
invariance (identical residual variances). This method, how
ever, is not without shortcomings: MG-CFA is not equipped 
to handle continuous covariates and only has limited 

capacities when dealing with many groups. Most notably, it 
is restricted to models of confirmatory factor analysis. To 
address these limitations, numerous alternatives have been 
developed (e.g., Asparouhov & Muth�en, 2023; Bauer, 2017; 
De Roover, 2021; Goretzko & Sterner, 2024; Kim et al., 
2016; Muth�en & Asparouhov, 2012; Sterner & Goretzko, 
2023). Kim et al. (2017) provides an overview of modern 
approaches to test for MI in the setting of CFA, while 
Sterner et al. (2024a) illustrate newly developed methods 
that are built on exploratory factor analysis (EFA).

Although there are some exceptions [such as alignment 
optimization, in which measurement non-invariance (MNE) 
is considered to be a minimizable quantity, see also Luong 
and Flake (2023)], the majority of methods treat MI testing 
as a binary decision – either MI holds or a scale is deter
mined to be non-invariant. In particular, this is the case for 
MG-CFA, in which the use of v2 significance tests and bin
ary threshold rules, comparing model fit indices across 
models with varying parameter constraints, are considered 
good practice (e.g., Putnick & Bornstein, 2016; Van De 
Schoot et al., 2012; Vandenberg & Lance, 2000). The main 
issue with this approach is that significance tests as well as 
model fit indices depend on sample size (Goretzko et al., 
2024) – as with other hypothesis tests, larger samples lead 
to greater statistical power, which will eventually lead to a 
significant result, in this case indicating the violation of 
MI.2 Thus, focusing solely on statistical significance is not 
sufficient for a meaningful evaluation of MNE. To be able 
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to determine whether a detected violation of MI does in fact 
constitute a severe bias for subsequent statistical analyses, or 
the amount of MNE can be seen as negligible, researchers 
need to be able to quantify MI. For this reason, MI effect 
size measures have been proposed.

1.1. Effect Size Measures for Measurement 
Nonequivalence

Most approaches to quantifying the amount of MNE are 
inspired by common effect size measures that are used to 
quantify mean differences between two or more groups 
(e.g., in the context of t-tests or ANOVAs). Arguably the 
most popular effect size measure in psychology is Cohen’s d 
(Cohen, 2013) which standardizes the mean difference 
between two independent groups by dividing it by the 
pooled standard deviation:

d ¼
�y1 − �y2
SDpooled

:

This idea was translated to the context of MI by Nye and 
Drasgow (2011) introducing dMACS; where MACS refers to 
the mean and covariance structure. Gunn et al. (2020) intro
duced different variants of dMACS that (dependent on the 
specific empirical data set and researcher question) can have 
some advantages over the original approach. Recently, with 
the development of f MACS – an analogue to Cohen’s f – the 
concept of dMACS has also been extended to the multigroup 
case (Lai et al., 2025). Although these effect sizes cover dif
ferent contexts and provide standardized values for group 
differences in the measurement model, they are only appli
cable to unidimensional models as well as factor models 
with perfect simple structure (i.e., models without cross- 
loadings). This is highly restrictive, especially since many 
EFA-based tools for investigating MI have been developed 
recently (Sterner et al., 2024a) and measurement models 
assuming perfect simple structure usually do not fit the data 
too well (Goretzko et al., 2024). When applying EFA-based 
methods such as mixture multigroup factor analysis (De 
Roover et al., 2022) or EFA trees (Sterner & Goretzko, 
2023), or allowing cross-loadings in a multidimensional fac
tor model, dMACS (in its current form and implementation) 
as well as its alternatives are not applicable.

1.2. Aim of This Paper

In this paper, we generalize all existing effect size measures 
for MNE to multi-factorial models with arbitrary loading 
patterns (i.e., allowing cross-loadings and factor- 
correlations) by extending the defining integrals to their 
multivariate analogue. Since the predominant approach of 
implementing effect sizes of MNE via numerical approxima
tion (Gunn et al., 2020; Nye & Drasgow, 2011) would result 
in the extended effect sizes having computational complexity 
exponential in the number of factors – this is especially 
problematic when several groups are compared and dMACS 

(or an alternative) has to be calculated multiple times – we 
provide a general method to obtain closed formulas with 

optimal computational complexity (i.e., linear in the number 
of factors). This method can be applied to all generalized 
effect size measures that rely on the principle of standar
dized mean differences, most notably dMACS: Corresponding 
implementations in R have been made publicly available on 
https://github.com/TiziSchuh/ExpectedDifferenceMeasures.

2. Preliminaries

In order to analyze and quantify MNE, a formal notion of 
group-specific measurement models is required. We begin 
by introducing all factor analytic notions necessary for the 
rigorous formulation of mean predicted response models – 
the core concept of factor analysis – followed by a review of 
dMACS – the effect size measure for MNE that lays the foun
dation of this paper.

2.1. The Common Factor Model

We refer to Mulaik (2009) for a more detailed introduction 
to the key concepts of factor analysis. Consider a random 
vector of p observed variables Y ¼ ðY1, . . . , YpÞ

> (indicators) 
representing responses to a given questionnaire consisting 
of p items. The core assumption of the common factor 
model is that the observations Y can be causally related to a 
fewer number of q unobserved variables in terms of a linear 
relationship. In more precise terms, consider a random vec
tor of continuous latent variables g ¼ ðg1, . . . , gqÞ

> (the 
common factors) and a linear model H with parameters s 2
Rp (intercepts) and K 2 Rp�q (factor loadings). Then the 
common factor model can be formulated as

Y ¼ HðgÞ þ e

¼ sþ Kgþ e, 

where e describes a normally distributed error term with 
mean vector 0 2 Rp and covariance matrix W ¼

DiagðVarðY1Þ, . . . , VarðYpÞÞ 2 Rp�p: The common factor 
model forms the basis of confirmatory factor analysis (CFA), 
which aims to confirm the validity of such a model with 
fixed parameters and exploratory factor analysis (EFA), 
which aims to find the smallest number of factors that allow 
model parameters sufficiently fitting the observations in the 
above relation. Given specific model parameters s and K; a 
measurement model for item j called the mean predicted 
response is then defined as

Ŷ jðgÞ ¼ E Yjjg
� �

¼ sj þ Kj
>g, 

where Kj denotes the j-th row of K: In more concrete 
terms, such a model projects an individual with latent scores 
s ¼ ðs1, . . . , sqÞ 2 Rq to respond to item j on average with 
the value given by

Ŷ jðsÞ ¼ sj þ Kj
>s:

Throughout the literature, it is common to drop the 
dependency on g in the notation and only use Ŷ j to denote 
the mean expected response.
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Multi-group factor analysis considers partitions of the 
observed data into groups g 2 G; such as “male” and 
“female”, and allocates a distinct mean predicted response 
model to each specific group. The group-specific measure
ment model for group g is denoted

Ŷ jg ¼ sjg þ Kjg
>g 

where sjg and Kjg denote the corresponding group-specific 
intercepts and factor loadings.

2.2. Effect Size Measures for Measurement Non-Invariance

Because measurement models in FA are defined on an item 
level, effect sizes of measurement non-invariance are defined 
on an item level as well. We note, that using the collection of 
all effect sizes obtained from the p items, usually referred to 
as the corresponding effect size index Nye and Drasgow 
(2011), statements about the questionnaire as a whole can be 
made. Given an item j and groups to be compared, the gen
eral approach to quantifying measurement non-invariance 
involves calculating expressions of the form

effect size ¼
model discrepancy
normalization term

:

Consequently, constructing such an effect size measure 
equates to finding a suitable functional D : fmodels Ŷ : Rq !

Rg
2
! R such that evaluating DðŶ jg , Ŷ jkÞ reflects the meas

urement model discrepancy when comparing groups g and k.

2.3. The Effect Size Index dMACS

To the best of our knowledge, the effect sizes of measurement 
non-invariance introduced for common factor models thus far 
have only been explicitly designed for models with simple 
structure, i.e., with items only loading onto a single factor each 
(Gunn et al., 2020; Lai et al., 2025; Nye & Drasgow, 2011). The 
groundwork was laid by Nye and Drasgow (2011), who pro
pose quantifying the discrepancy with a weighted average dif
ference of predicted responses realized by the integral

DðŶ jr, Ŷ jgÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið

ðŶ jr − Ŷ jg jgÞ
2f ðgÞdg

s

: (1) 

where the group r (reference group) is meant to contain the 
majority of the sample and g is the group of interest (focal 
group) that may possibly violate MI. As will be discussed in 
more detail in the following section, differences are 
weighted by the probability density function f of the latent 
factor, which is assumed to be normally distributed with 
mean and covariance structure (MACS) estimated from the 
focal group g. Normalizing the above expression using the 
pooled standard derivation results in the definition

dMACS
j ¼

1
SDjpooled

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið

ðŶ jr − Ŷ jg jgÞ
2f ðgÞdg

s

:

Note that unlike traditional effect sizes, dMACS will always 
be non-negative. Thus, the authors suggest the complemen
tary use of the following signed variant

dMACS Signed
j ¼

1
SDjpooled

ð

ðŶ jr − Ŷ jg jgÞf ðgÞdg, 

which encodes 1) the direction of the effect, making it possible 
to determine which of the two groups predicts higher values 
on average, as well as 2) the amount of cancelation that occurs 
globally, enabling statements about the actual impact on the 
observed mean difference (Nye et al., 2019). Nye and 
Drasgow (2011) themselves warn that a “more complicated 
formula” is needed to assess items with multiple factor load
ings, giving rise to the central question of this paper:

Is There a Natural Extension of dMACS

for Multiple-Factor Models? 

This involves addressing two distinct issues. Firstly, does 
the addition of further factors in 2.3 yield a sensible multivari
ate analogue – and still so when allowing the factors to be 
correlated? Secondly, numerical approximation of the integral 
– the approach to calculating dMACS for one-factor models 
(Nye & Drasgow, 2011) – will be exponentially complex in 
the number of factors q, so does this render the use of any 
possible extension impracticable for applications such as EFA 
trees (Sterner, 2025) which require a significant number of 
consecutive evaluations?

2.4. This Work

In the following, we will resolve the former issue by restat
ing 2.3 being careful to use unambiguous notation, which 
will enable a canonical generalization to general common 
factor models. We present resulting extended versions for 
all SotA proposals written in terms of expected model dif
ferences, which will make respective correspondences to 
Cohen’s d, Glass’ D and Cohen’s f visually apparent, increas
ing accessibility and interpretability. To address the latter 
issue of computability in the most general setting, we intro
duce the class of expected difference measures that includes 
dMACS and all other SotA extensions. We then show that 
any measure of this class has a closed formula with optimal 
computational complexity OðqÞ:

3. Extending dMACS to Multiple-Factor Models

In the following, we explicitly extend the definition of dMACS 

to general common factor models with an arbitrary number of 
latent factors, allowing cross-loadings and factor correlations.

3.1. A Change of Notation

We begin by reformulating 2.3 to clarify the role of the 
latent factor g within the expression, as the notation dg 

(meant to signal an average over all possible values of g) 
makes no distinction between values of the latent variable 
and the latent variable itself. For this, note that the concept 
of averaging model predictions over all possible latent scores 
can be captured more precisely using a distinct variable s 
for the values (scores) of the latent variable g:
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Hence the model discrepancy as described in 2.3 can be 
disambiguated to read

ð

R

Ŷ jrðsÞ − Ŷ jgðsÞ 2fggðsÞds,
�
�

where fgg – in line with the convention of writing Ŷ jg – denotes 
the probability distribution function of g with parameters (i.e. 
mean and variance) estimated from group g and consequently

dMACS
j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Egg Ŷ jr − Ŷ jg
�
�

�
�2

h ir

SDjpooled
, (2) 

where Egg is meant to denote expectation w.r.t the normally dis
tributed factor g with mean and variance estimated from group g.

3.2. Extension via Multivariate Integration

The above reformulation of dMACS now allows for straight- 
forward transitioning to multiple latent factors, by letting 
the average range over all possible score combinations 
s ¼ ðs1, . . . , sqÞ 2 Rq 

ð

Rq

Ŷ jrðsÞ − Ŷ jgðsÞ
�
�

�
�2fggðsÞds

 !1=2 

weighted according to the distribution function fgg of the 
latent vector g with mean vector and covariance matrix esti
mated from group g, illustrated below for q ¼ 2 factors.

Consequently, 3.1 can naturally be generalized as

dMACS
j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Egg Ŷ jr − Ŷ jg
�
�

�
�2

h ir

SDjpooled
, 

describing the desired extension of dMACS to arbitrary com
mon models with possible cross-loadings. Note, that factor 
correlations will be reflected in the distribution function fgg 
and pose no further problems, so this definition is in fact 
well-defined for all possible common factor models render
ing it theoretically suitable for any setting of EFA and CFA.

4. Expected Difference Measures

The above extension can be applied to all effect size meas
ures of measurement non-invariance analogously. We pro
vide an overview of the resulting extensions, again using the 
notation

Egg ½X� ¼
ð

Rq
XðsÞfggðsÞds, 

where fgg denotes the probability density function of the 
normally distributed latent factors g with mean jg and 
covariance matrix Rg estimated from group g. We will pre
sent these extensions grouped according to their corre
sponding “standard effect size” analogue, which will become 
visually more apparent. We proceed by introducing a notion 
of the general class of such effect size measures – the class 
of expected difference measures.

4.1. Analogue to Cohen’s d

As the name implies, the pair of effect size measures dMACS 

& dMACS Signed proposed by Nye and Drasgow (2011) with 
extended forms

dMACS
j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Egg Ŷ jr − Ŷ jg
�
�

�
�2

h ir

SDjpooled
and respectively dMACS Signed

j

¼
Egg Ŷ jr − Ŷ jg

h i

SDjpooled 

is based on Cohen’s ds (also known as Hedges g) which is 
defined as

ds ¼
�yr − �yg

SDpooled
:

4.2. Analogue to Glass’ D

Nye and Drasgow (2011) note that the standard deviation of 
the reference group may be used instead. We refer to the 
corresponding effect size measures as dMACS & dMACS Signed;

defined

UDIj ¼
Egg Ŷ jr − Ŷ jg

�
�

�
�2

h i

SDjr
and respectively SDIj

¼
Egg Ŷ jr − Ŷ jg

h i

SDjr
, 
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as they encode the closely related concept of Glass’ D 

D ¼
�yr − �yg

SDr
:

The so-called unsigned & signed differences in expected 
indicator score (UDI & SDI) proposed by Gunn et al. (2020) 
are defined similarly, using the standard deviation from the 
focal group for normalization

UDIj ¼
Egg Ŷ jr − Ŷ jg

�
�

�
�

h i

SDjg
and respectively SDIj

¼
Egg Ŷ jr − Ŷ jg

h i

SDjg
:

One subtle difference is the use of absolute differences 
for the unsigned version. which is – as Gunn et al. (2020) 
argue – a better approach compared to using squared differ
ences, as it results in both versions operating on the same 
scale.

4.3. WUDI & WSDI

Based on UDI & SDI, Gunn et al. (2020) further propose an 
effect size for measurement invariance for two groups (1 
and 2) that has the advantage of circumventing the notion 
of a focal and reference group entirely, by first calculating 
the respective discrepancies relative to the corresponding 
single group model Ŷ j and then adding the results weighted 
by the sample size proportions p1 ¼

n1
n1þn2 

and p2 ¼
n2

n1þn2
;

yielding the effect size measure

WUDIj ¼ p1

Eg1 Ŷ j1 − Ŷ j
�
�

�
�

h i

SDj1
þ p2

Eg2 Ŷ j − Ŷ j2
�
�

�
�

h i

SDj2 

and respectively 

WSDIj ¼ p1

Eg1 Ŷ j1 − Ŷ j

h i

SDj1
þ p2

Eg2 Ŷ j − Ŷ j2

h i

SDj2
:

4.4. Analogue to Cohen’s f

Recently Lai et al. (2025) proposed f MACS which has the 
extended form

f MACS
j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
G
PG

g¼1pgEgg Ŷ jg − Ŷ j

�
�
�

�
�
�

2
� �s

SDj
, 

comparing multiple groups to the grand mean Ŷ j ¼

ð
P

g pgsjgÞ þ ð
P

g pgKjgÞg with group sample proportions 
pg ¼

ng
n1þ���þnG

: As the name implies, this mirrors Cohen’s f 

f ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
G
PG

g¼1pgð�yg − �yÞ2
q

SD
:

Analogously, their general version allowing groups to be 
weighted has the extended form

f MACS
j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
G
PG

g¼1wgEgg Ŷ jg − Ŷ j

�
�
�

�
�
�

2
� �s

SDj
, 

for non-negative weights wg � 0 with w1 þ . . .þ wG ¼ 1: If 
dMACS is calculated using the item’s (rather than the pooled) 
standard deviation, the relation 2f MACS

j ¼ dMACS
j (Lai et al., 

2025) for two groups r and g still holds in the generalized 
case and under the same prerequisites, most notably for bal
anced group sizes nr ¼ ng with identical latent distribu
tions fgr ¼ fgg :

4.5. The Class of Expected Difference Measures

The common theme of the above effect size measures are 
expected measurement model differences. As we will show 
in the next section, the expected value of common factor 
model differences can be calculated analytically. To ensure 
maximal generality of our results, we introduce the class of 
expected difference measures (EDMs) consisting of all effect 
size measures of measurement non-invariance that evaluate 
model discrepancies using algebraic expressions of the fol
lowing terms

Egh Ŷ jg − Ŷ jk

h i

(3a) 

Egh Ŷ jg − Ŷ jk
�
�

�
�

h i

(3b) 

Egh Ŷ jg − Ŷ jk
�
�

�
�2

h i

, (3c) 

with choices of groups g, k and h allowed to be different for 
each term. Consistent with the literature thus far (Gunn 
et al., 2020; Nye et al., 2019), we refer to EDMs constructed 
using only terms of the form Equation (3a) as signed and 
respectively unsigned for EDMs constructed using only 
terms of the form (3b) and (3c). All previously discussed 
effect size measures of measurement non-invariance fall 
under this category. In the following section, we will show 
that every EDM has a closed formula with computational 
complexity OðqÞ under certain assumptions on the latent 
distribution that are always given in practice.

5. A Closed Formula Derivation Method for EDMs

For any given EDM, deriving a closed formula requires 
finding explicit solutions for all its expected difference 
terms. Since solutions for the terms in their most general 
form (3a), (3b) and (3c) will be applicable to every specific 
instance, the general problem reduces to finding solutions 
for these three terms, as substitution into the underlying 
algebraic expression will then describe a general method of 
obtaining a closed formula for any given EDM. Exact solu
tions of the general terms can be obtained using the follow
ing two observations:
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5.1. Observation 1. Linear Common Factor Model 
Differences Are Normally Distributed

For any two groups g and k, the random variable of the 
model difference simplifies to

Ŷ jg − Ŷ jk ¼ ðsjg − sjkÞ þ ðKjg − KjkÞ
>
g, 

and is consequently an affine transformation of g: Recall that 
normal distributions are stable under affine transformations, 
so if we assume the factors to be jointly normally distributed 
g � Nðj, RÞ; the random vector of the model difference will 
also be normally distributed with mean

l ¼ ðsjg − sjkÞ þ ðKjg − KjkÞ
>
j 

and variance

r2 ¼ ðKjg − KjkÞRðKjg − KjkÞ
>
:

5.2. Observation 2. Basic Integrals of Normally 
Distributed Variables Have Exact Solutions

Consider a normally distributed random variable X with 
mean l and variance r2: Then the following equalities hold

E X½ � ¼ l

E jXj½ � ¼ r

ffiffiffi
2
p

r

exp
−l2

2r2

� �

þ lerf
l
ffiffiffiffiffiffiffi
2r2
p

� �

E X2½ � ¼ l2 þ r2, 

using the fact that jXj has a folded normal distribution with 
parameters l and r in the second equality and rearranging 
the definition of the variance to read E½X2� ¼ E½X�2 þ
VarðXÞ to obtain the third equality.

5.3. Analytic Solutions for the EDM Defining Model 
Discrepancy Terms

So, assuming joint normal distribution of the factors, we can 
apply Observation 2 to the difference Yjg − Ŷ jk; which is thus 
also normally distributed with mean and variance according 
to Observation 1, yielding exact solutions for the defining 
terms of EDMs: The signed difference term (3a) simplifies to 

Egh Ŷ jg − Ŷ jk

h i

¼ ðsjg − sjkÞ þ ðKjg − KjkÞ
>
jh, (4) 

while the absolute difference term (3b) has the solution

Egh Ŷ jg − Ŷ jk
�
�

�
�

h i

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
p
ðKjg − KjkÞRhðKjg − KjkÞ

>

r

exp
−ððsjg − sjkÞ þ ðKjg − KjkÞ

>
jhÞ

2

2ðKjg − KjkÞRhðKjg − KjkÞ
>

 !

þððsjg − sjkÞ þ ðKjg − KjkÞ
>
jhÞ

erf
ðsjg − sjkÞ þ ðKjg − KjkÞ

>
jh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðKjg − KjkÞRhðKjg − KjkÞ
>

q

0

@

1

A,

(5) 

and the squared difference term (3c) can be written as

Egh Ŷ jg − Ŷ jk
�
�

�
�2

h i

¼ ððsjg − sjkÞ þ ðKjg − KjkÞ
>
jhÞ

2

þ ðKjg − KjkÞRhðKjg − KjkÞ
>
: (6) 

5.4. Closed Formulas for EDMs

For any given EDM, substituting (3a), (3b) and (3c) accord
ing to (4), (5) and (6) respectively within the underlying 
algebraic expression will yield the desired closed formula. 
We note that in the setting of models with simple structure, 
applying this method to f MACS gives rise to the formula 
given by Lai et al. (2025). Most notably, we can deduce that

dMACS
j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D2ððsjr − sjgÞ þ ðKjr − KjgÞ
>
jgÞ

2
þ ðKjr − KjgÞRgðKjr − KjgÞ

>
q

SDjpooled 

and respectively

dMACS Signed
j ¼

ðsjr − sjgÞ þ ðKjr − KjgÞ
>
jg

SDjpooled
:

Formulas for all other SotA measures can be derived as 
described above. We have provided a publicly available R 
package on https://github.com/TiziSchuh/ExpectedDifference 
Measures that contains lavaan compatible functions 
implementing the formulas of the extended EDM pairs 
dMACS&dMACS Signed; UDI&SDI, WUDI&WSDI and of the 
extended EDM f MACS:

6. Discussion

Until now, the effect size measure for measurement nonequi
valence dMACS has only been applicable to models without 
cross-loadings, rendering it unfit for many new developments 
in MI methodology. In this paper, we extended dMACS and all 
subsequent effect sizes of MNE to multi-factor models with 
arbitrary loading patterns (i.e., cross-loadings and factor cor
relations) and provided closed form expressions with optimal 
computational complexity. With the growing availability of 
EFA-based methods to investigate MI (see e.g., Sterner et al., 
2024a), extending the established effect size measure dMACS to 
multi-factor models broadens the capabilities that researchers 
have at their disposal. This is of great importance for many 
(sub-)disciplines in psychology and other social sciences as 
many constructs are conceptualized as multi-factorial such as 
personality traits (e.g., John et al., 1999), motives (e.g., 
McClelland, 1987), or intelligence (Schneider & Newman, 
2015). To properly assess MI in these contexts, potential 
dependencies among sub-scales in form of correlated factors 
or cross-loadings need to considered. This holds also true for 
respective effect size measures, which is why a multi- 
dimensional extension of dMACS and its alternatives is highly 
important.
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6.1. Future Research and Limitations

The link to EFA-based assessments of MI also raises the – 
in our opinion – most important caveat of multi-factor 
dMACS: rotational dependence. It is well known that esti
mated EFA solutions are rotationally indeterminate. That is, 
infinitely many solutions of the loading matrix exist that all 
have the same fit to the data. What changes with each rota
tion, however, is the interpretation of results (for an over
view of different rotations, see Browne, 2001). Especially in 
the multi-group context, this is crucial to consider because 
different rotations (in each group) might change the verdict 
about whether MI holds for the whole scale or for which 
items MI is violated. De Roover and Vermunt (2019) intro
duced a new rotation approach, multi-group factor rotation 
(MGFR), for multi-group models that combines rotation to 
simple structure per group with agreement of solutions 
across groups. This allows for a comparison of loading 
matrices between groups as well as a disentanglement of dif
ferences in loadings from differences in factor correlations.

The values given by dMACS are calculated using specific 
model parameters and estimates of the factor distribution, 
and are further directly influenced by cross-loading. Thus, 
starting from a different rotation (and consequently different 
model parameters and cross-loadings) may alter the values of 
dMACS and as a result, the verdict about MI. If different rota
tions (e.g., a permutation of factors) were to be used for the 
models of the two groups for which dMACS is calculated, the 
resulting value would not be interpretable in a meaningful 
way and even potentially misleading. Future studies should 
investigate the influence of different rotations on the values 
of dMACS and possible adaptations of dMACS for direct com
parisons of models obtained from distinct rotations. An inter
esting avenue might also be to assess if MGFR can help to 
yield statistically and conceptually more sound and interpret
able solutions than simply pursuing simple structure in each 
group. For this, applications to empirical data might be help
ful as well, to assess the added benefit of effect size measures 
in EFA-based MI investigations.

Additionally, although EDMs are well-defined for any 
conceivable latent distribution, their corresponding formulas 
as derived above only hold true if the factors are assumed 
to be jointly normally distributed. If this is not the case, the 
above formulas will provide wrong results and numerical 
approximation is most likely the only feasible alternative. 
Arguably, this does not add new challenges in practice how
ever, because a joint normal distribution is typically already 
assumed in SEM and, for instance, even a requirement for 
Maximum Likelihood estimation.

Another possibility for future research stems from the 
fact, that the definition of EDMs can be directly applied to 
non-linear models, most notably models of item-response- 
theory. Because the method of obtaining formulas (as 
described in this paper) cannot be translated to non-linear 
models, a different approach to implementing such effect 
sizes is necessary in this case. This may go hand in hand 
with an explicit construction of EDMs for ordinal indica
tors, which so far have been implemented for dMACS using 

normal graded response models (https://github.com/ 
ddueber/dmacs).

Lastly, although existing benchmark values for dMACS 

provided by Nye et al. (2019) (which aim to enable easier 
judgements about what constitutes small, medium and large 
values of non-invariance) may be applied to the generalized 
version, the same caveats apply: Lai et al. (2025) urge 
researchers to be highly cautious in relying on these cutoff 
values, as they may not be appropriate depending on the 
context. Their call for fine-grained and adaptive guidelines 
to guarantee a more sound interpretation is still subject to 
further research and an important next step in allowing 
researchers to adequately use and interpret EDMs, including 
all generalized effect sizes presented here.

6.2. Conclusion

A vast number of methods exist that investigate whether or 
not MI holds. Effect size measures enable a non-binary quan
tification of how much non-invariance is present. We 
extended the established effect size measure dMACS and some 
newer alternatives (Gunn et al., 2020; Lai et al., 2025) to 
multi-factor models with cross-loadings. In this, we enable 
researchers to combine them with newly developed EFA- 
based methods as well as CFA applications without overly 
strict independent clusters assumptions (see also Goretzko 
et al., 2024). Thus, dMACS can now be applied more appropri
ately when assessing MI in the process of questionnaire 
development or when investigating the factor structure of a 
scale in new contexts. Needless to say, quantifying the effects 
of non-invariance is no panacea. The interpretation of 
whether a specific amount of non-invariance is large or pos
sibly “too much” is still a content-related question. But, as 
with traditional effect sizes measures like Cohen’s d, effect 
sizes for measurement nonequivalence, such as dMACS; allow 
for a quantification on a standardized scale.3 This increases 
the comparability of psychometric scales with respect to their 
amount of non-invariance, hopefully aiding further improve
ments of their measurement quality.
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